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Of aL the celestial bodies whose motions have formed 
the subject of the investigations of astronomers, the Moon 
has always been regarded as that which presents the 
greatest difficultiea, on account of the number of inequali- 
ties to which it is subject; bat the fi-equeot and Important 
applications of the results render the Lunar Problem one 
of the highest interest, and we find that it has occnpied 
the attention of the most celebrated aatronomers from the 

rliest times. 

Newton's discovery of Universal Gravitation, suggested, 
it is supposed, by a rough consideration of the motions of 
the moon, led him naturally to examine its application to 
a more severe explanation of her disturbances ; and his 
Eleventh Section is the first attempt at a theoretical 
investigation of the Lunar inequalities. The results be 
obtained were found to agree very nearly with those de- 
termined by observation, and afforded a remarkable con- 
firmation of the truth of his great principle; but the 
geometrical methods which he had adopted seem inade- 
quate to so complicated a theory, and recourse has been 
had to analysis for a complete determination of the dis- 
irbancea, and for a knowledge of the true orbit. 
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The following pages will, it is hoped, fonn a proper 
introduction to more recondite works on the subject: the 
difficulties which a person entering upon this study is most 
likely to stumble at, have been dwelt upon at considerabfe 
length, and though Afferent methods of investigation have 
been employed by different astronomers, the difficulties met 
with are nearly the same, and the principle of successive 
approximation is common to all. In the present work, 
the approximation is carried to the second order of small 
quantities, and this, though far from giving accurate values, 
is amply sufficient for the elucidation of the method. 

The differences in the analytical solutions arise fi*om 
the various ways in which the position of the moon may 
be indicated by altering the system of coordinates to which 
it is referred, or again, in the same system, by choosing 
different quantities for independent variables. 

D'Alembert and Clairaut chose for coordinates the pro- 
jection of the radius vector on the plane of the ecliptic and 
the longitude of this projection. To form the differential 
equations, the true longitude was taken for independent 
variable. 

To determine the latitude, they, by analogy to Newton's 
method, employed the differential variations of the motion 
of the node and of the inclination of the orbit. 

Laplace, Damoiseau, Plana, and also Herschel and Airy 
in their more elementary works, have found it more con- 
venient to express the variations of the latitude directly, 
by an equation of the same form as *that of the radius 
vector. 
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Lubbock and Pont^coulant, taking the same coordinates 
of the moon's position, make the time the independent 
variable ; and when it is desired to carry the approximation 
to a high order, this method offers the advantage of not 
requiring any reversion of series. 

Poisson proposed the method used in the planetary 
theory, that is, to determine the variation in the elements 
of the moon's orbit, and thence to conclude the corre- 
sponding variations of the radius vector, the longitude, 
and the latitude. 

The selection of the method followed in the present 
work, which is the same as that of Airy, Herschel, &c., 
was made on account of its simplicity: moreover, it is the 
method which has obtained in this university, and it is 
hoped that it may prove of service to the student in his 
reading for the examination for Honours. In furtherance 
of this object, one of the chapters (the sixth) contains the 
physical interpretation of the various important terms in 
the radius vector, latitude, and longitude.* 

The seventh chapter, or Appendix, -contains some of the 
most interesting results in the terms of the higher orders, 
among which will be found the values of c and g com- 
pletely obtained to the third order. 

The last chapter is a brief historical sketch of the Lunar 
Problem up to the time of Newton, containing an account 
•of the discoveries of the several inequalities and of the. 
methods by which they were represented, those only being 

• See the Report of the "Board of Mathematical Studies" for 1850. 
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mentioned which, as the theory has since Yerified, were 
real onward steps. The perusal of this chapter will shew 
to what extent we are indebted to our great philosopher; 
at the same time we cannot fail being impressed with 
reverence for the genius and perseverance of the men who 
preceded him, and whose elaborate and multiplied hypo- 
theses were in some measure necessary to the discovery 
of his simple and single law. 

I take this opportunity of acknowledging my obligations 
to several friends, whose valuable suggestions have added 
to the utility of the work. 



HUGH GODFRAY. 



St, John's College, Cambridge, 
Apnl, 1853. 



In the present edition, besides the change of form and 
the incorporation of the figures with the text, which it is 
hoped will render the work more commodious, very few 
alterations have been thought necessary; and, except in 
one or two instances, where additional paragraphs have 
been introduced, nothing but the wording of some of the 
sentences has been altered. 

October, 1859. 
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LUNAR THEORY. 



CHAPTER I. 



INTRODUCTION. 



Before proceeding to the consideration of the moon's 
motion, it will be desirable to say a few words on the law 
of attractions, and on the peculiar circmnstances which enable 
ns to simplify the present investigation. 

1. The law of universal gravitation, as laid down by 
Newton, is that " Eoery particle in the universe attracts every 
other particle^ vnth a force varying directly a^ the mass of the 
aJttracting particle and inversely as the square of the distance 
between themJ^ 

The truth of this law cannot be established by abstract 
reasoning ; but as it is found that the motions of the heavenly 
bodies, calculated on the assumption of its truth, agree more 
and more closely with the observed motions as our calcu- 
lations are more strictly performed, we have every reason 
to consider the law as an established truth, and to attribute 
any slight discrepancy between the results of calculation and 
observation to instrumental errors, to an incomplete analysis, 
or to our ignorance of the existence of some of the dis- 
turbing causes. 

Of the last cause of deviation there is a remarkable in- 
stance in the recent discovery of the planet Neptune, for our 
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aoquaintanoe ynib whidi, as one of the bodies of our system,* 
we are indebted to the perturbations it prodnced in the cal- 
colated places of the planet Uranus. These perturbations 
were too great to be attributed whoD j to errors of instm- 
ments or of calculation; and therefore, ^ther the law of 
aniversal gravitation was here at fiudt, or some unknown 
body was disturbing the path of the planet. This last 
supposition, in the powerfol hands of Messrs. Adams and 
Le Terrier, led to the detection of Neptune by solving 
the difficult inverse problem, viz: — Given the perturbations 
caused by a body, determine, on the assumption of the truth 
of Newton's law, the orbit and position of the disturbing 
body. 

Evidence so strong as this forces us to admit the correct- 
ness of the assumption, and we shall now consider how this 
law, combined with the laws of motion, will enable us to 
investigate the circumstances of the moon's motion, and to 
assign her position at any time when observation has fur- 
nished the requisite data. 

2. The problem in its present form would be one of 
extreme, if not insurmountable difficulty, if we had to take 
into account simultaneously the actions of the earth, sun, 
planets, &c. on the moon ; but fortunately the earth's attrac- 
tion, on account of its proximity, is much greater than the 
disturbing^ force of the sun or of any planet; — ^these dis- 
turbing forces being so small compared with the absolute 
force of the earth, that the squares and products of the 
effects they produce may be neglected, except in extreme 

* It had been seen by Dr. Laxnont at Munich, one year before its 
being known to be a planet. <* Solar System, by J. R. Hind." 

t Since the sun attracts both the earth and moon, it is clear that its 
effects on the moon's motion relatively to the earth or the disturbing force 
will not be the same as the absolute force on either body. This will be 
fully investigated in Arts. (9) and (23). 
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' SMALL MOTIONS. 



cases : and there Is a principle, called tlie " principle of tte 
superposition of small motions," which shows that in such 
a case the disturbing forces may be considered separately, 
and the algebraic sum of the disturbances so obtained will 
be the same aa the disturbance due to the simultaneous 
action of all the forces. 



1 



Principle of Superposition of Small Motions. 



3. Let a particle be moving under the action of any 
nmnber of forces some of which 
are very amallj and let A be the 
position of the particle at any 
instant. Let two of these small forces j 



J- ^ 

, m, be omitted, 

and suppose the path of the particle under the action of the 
remaining forces to be AP in any given time. 

Let AP^ be the path which would have been described 
in the same time if m^ also had acted; AP^ differing very 
slightly from AP, and PP, bemg the disturbance. 

SinaUarly, if m^ instead of m, had acted, suppose AP^ to 
have represented the disturbed path [AP, AP^, AP^ are not 
necessarily in the same plane, nor even plane ciurves), PP^ 
being the disturbance. 

Lastly, let ^ ^ be the actual path of the body when both 
wt, and wi, act. Join jP, Q. 

Now, since the path AP^ very nearly coincides with AP^ 
the disturbances P,§ and PP^, produced in them by the 
action of the same small force m^, will be very nearly parallel ; 
and will diifer in magnitude by a quantity which can be 
only a small fraction of either disturbance and which may 
be neglected compared with the original path AP. There- 
fore P^Q is parallel and equal to PP^. 

Hence the projection of the whole disturbance PQ on any 
straight line, being equal to the algebraical sum of the pro- 



The following pages will, it Is hoped, form a proper 
introduction to more recondite works on the subject: the 
difficulties which a person entering upou this study is most 
likely to stumble at, have been dwelt upon at considerable 
length, and though different methods of investigation have 
been employed by different astronomers, the difficulties met 
with are nearly the same, and the principle of successive 
approximation is common to all. In the present work, 
the approximation is carried to the second order of small 
quantities, and this, though far from giving accurate values, 
is amply sufficient for the elucidation of the method. 

The differences in the analytical solutions arise from 
the various ways in which the position of the moon may 
be indicated by altering the system of coordinates to which 
it Is referred, or again, in the same system, by chooBing 
different quantities for independent variables. 

D'Alembcrt and Clairaut chose for coordinates the pro- 
jection of the radius vector on the plane of the ecliptic and 
the longitude of tbia projection. To form the differential 
equations, the trae longitude was taken for independent 
variable. 

To determine the latitude, they, by analogy to Newton's 
method, employed the differential variations of the motion 
of the node and of the inclination of the orbit. 

Laplace, Damoiscau, Plana, and also Herschel and Airy 
in their more elementary works, have found it more con- 
venient to express the variations of the latitude directly, 
by an equation of the same form as that of the radius 
vector. 
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Lubbock and Pont^coulant, taking the same coordinates 
of the moon's position, make the time the independent 
variable ; and when it is desired to carry the approximation 
to a high order, this method offers the advantage of not 
requiring any reversion of series. 

Poisson proposed the method used in the planetary 
theory, that is, to determine the variation in the elements 
of the moon's orbit, and thence to conclude the corre- 
sponding variations of the radius vector, the longitude, 
and the latitude. 

The selection of the method followed in the present 
work, which is the same as that of Airy, Herschel, &c., 
was made on account of its simplicity: moreover, it is the 
method which has obtained in this university, and it is 
hoped that it may prove of service to the student in his 
reading for the examination for Honours. In furtherance 
of this object, one of the chapters (the sixth) contains the 
physical interpretation of the various important terms in 
the radius vector, latitude, and longitude.* 

The seventh chapter, or Appendix, contains some of the 
most interesting results in the terms of the higher orders, 
among which will be found the values of c and g com- 
pletely obtained to the third order. 

The last chapter is a brief historical sketch of the Lunar 
Problem up to the time of Newton, containing an account 
■of the discoveries of the several inequalities and of the. 
methods by which they were represented, those only being 

• See tlie Report of the "Board of MathematicaL Studies" for 1860. 
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Next, let this lamina be divided into concentric rings. 
Let B8=r be the radius of one of these rings and 8r its 
breadth, Z.BFO=0] 

therefore r = x tan 0j 

tr^x sec*^,S5. 

The attraction of an element R of this ring on the particle 

P will be p^2 along PR^ and the resolved part 

^.u- 1 T>n -nu mass of element . 

of this long FO will be -^ ^ cos^. 

•*/ sec V 

But the resultant attraction of the whole ring will clearly 

be the sum of the resolved parts along PO of the attractions 

of its constituent elements ; therefore, 

attraction of ring = — , ' g\ cos^ = 27rp sinO Sx.BOi 



a? sec^0 



»-i* 



Bm0.d0 

= 27rpSx (1 j . 

Again, «* = a? + c* — (a — a:)' = 2ax — (a* — c") ; 
therefore zSz = aSx^ 

and attraction of lamina =27rp f —-5 Sz] ; 

.*. attraction of whole sphere = 27rp I- -r-s — - — ^ « ^ S 

^ '^|2a Ga" 2a" J 

(from « = a-c to « = aH-c) 

__ 47rpc^ 



a»' 



47rDC 
where M= mass of sphere = — —- . 
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binatlon of these hj addition or subtraction, reduces the 
problem of the sun, earth, and moon to that of three par- 
ticles;— the sUght error due to the bodies not being perfect 
spheres will here be neglected, being of an order higher 
than that to which we intend to carry the present investi- 
gation: the error however, though very small, is appre- 
ciable, and if a nearer approximation were required, it would 
be necessary to have regard to this circumstance. (See 
Appendix, Art. 100.) 
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CHAPTER IL 

MOTION RELATIVE TO THE EAETH. 

9. When a number of particles are in motion under their 
mutual attractions or other forces, and the motion relatively 
to one of them is required, we must bring that one to rest, 
and then keep it at rest without altering the relative motions 
of tiie others with respect to it. 

Now, firstly, the chosen particle will be brought to rest 
by giving it at any instant a velocity equal and opposite to 
that which it has at that instant; secondly, it will be kept 
at rest by applying to it accelerating forces equal and op- 
posite to those which act upon it. 

Therefore give the same velocity and apply the same 
accelerating forces to all the bodies of the system, and the 
absolute motions about the chosen body, which is now at rest, 
will be the same as their relative motions previously. 



Prcblem of Two Bodies. 

10. As the sun disturbs the moon^s motion with respect 
to the earth, it is important to know what that motion would 
have been if no disturbance had existed, or generally : — 

Two bodies attracting one arwther with forces varying 
directly as the mass and inversely as the square of the dis- 
tance^ to determine the orbit of one relatively to the other. 
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Let M^ M* be the masses of the bodies, r the distance 
between them at any time t^ M! being the body whose 

motion relatively to M Is required. 

M 

The accelerating force of -W on -Jf equals -^ acting towards 

M . 
M^ while that of M' on ilf equals -j In the opposite direction. 

Therefore, by the principle above stated, we must apply to 

both M and M' accelerating forces equal and opposite to this 

latter force, and M' will move about Jf fixed, the accelerating 

If + M' 1 

force on M' being — -^ — =^iiv^^ i£ fi = M+M' and r = - . 

Hence, _ + « = _=_, 

where A = r* -^ = twice the area described In a unit of tune. 



^ = —{1 + 6 cos(0-a)}. 



d and a being constants to be determined by the circumstances 

of the motion at any given time. 

This is the equation to a conic section referred to its 

A* 
focus, the eccentricity being 6, the seml-latus rectum — , and 

/^ 
the angle made by the apse line with the prime radius a. 

In the relative motion of the moon, or In that of the sun 

about the earth, the orbit would, as observation Informs us, 

be an ellipse with small eccentricity, that of the moon being 

about -^-^ and that of the sun ^. 

11. The angle — a between the radius vector and the 
apse line is called the true anomaly. 

K n ^ the angular velocity of a radius vector which 
moving uniformly would accomplish its revolution in the same 
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time as the trae one, both passmg through the apse at the 
same instant, then nt + e — a is called the mean anomaly ^ e 
being a constant depending on the instant when the body 
is at the apse, its value being also equal to the angle be- 
tween the prime radius and the uniformly revolving one 
when ^=0. 

Thus, if MT be the fixed line or prime radius, 
A the apse, 
M' the moving body 
at time ^, 

Mfi the uniformly re- 
volving radius at same time, the 
direction of motion being repre- 
sented by the arrow. 

Let MD be the position of M/i 
when ^ = 0, 

then TMD = e and is called the epoch,* 

DMfi = ntj 

TMA = a = longitude of the apse ; 

therefore, mean anomaly = AMfi = n^ + e — a, 

true anomaly = ^lOf ;= TJfjr - Tlf-4 = i? - a. 

12. To express the mean anomaly in terms of the true in 
a series ascending ojccording to the powers of ^^ as far as e**. 

27r ^2 area 

n = — . J. . — = 27r -; 7 — 

periodic time h 

27rh h 




2irab aV(l-e*) 



%\ J 



* The introduction of the epoch is avoided in the Lunar theory by 
a particular assumption (Art. 34) ; but in the Planetary it forms one of 
the elements of the orbit. 
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therefore h = no? (1 — 6*)*, 

= l(l-^«) {1-26 cos(^-a) + Se" co8'(5-a)} 

I 

= - (1 - 26 cos(i?-a) + f6" C082 {0-a)} ; 

therefore w« + e = 5-26 sm(5-a) +f6" sm2(^-a), 
or (w^ + e-a) = (^-a)-26sln(^-a) + f6"8in2(^-a), 
the required relation. 

13. To express the true anomaly in terms of the mean to 
the same order of approximation, 

5-a = w« + e-aH-26 8in(^-a)-f€" ffln2(^-a)....(l); 

.'. — a = w^ H- e — a first approximation. 

Substituting this in the first small terms of (1), we get 

^— a = n^H-e — a+ 26 8in(n^+8— a)...a second approximation. 

Substitute the second approximation in that small term 
of (1) which is multiplied by 6, and the first approximation 
in that multiplied by 6^; the result will be correct to that 
term, and gives 

5 — a = w^+e — a + 26 sin{n^ + 8 — a + 26 sin(n^+e — a)} 

— 16* sin2 (n^+ e — a) 
= w^ + e — a + 26 sin(w^+8-a) 

+ 46* cos(n« + 8 — a) 8in(w< + e — a) — 16* 8in2 (w^+ 8— a) 
= w^+e-aH-26 sin(n^+e-a) + f6" 8in2 (»i«H-8-a), 
the required relation. 
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The development could be carried on by the same proceaa 
D any power of c, the coefficient of e° would be found 
J^ Bm3(fi( + E-a)-^ am (nt + &- a)), 
Rmt in what follows we shall not require anything beyond e". 

Problem of Three Bodies. 

14. In order to fix the position of the moon with respect 

to the centre of the earlh, which, by meana of the process 
deacrihed in Art. (9), is reduced to and kept at rest, we must 
have some determinate invariable plane passing through the 
earth's centre to which the motion may be referred. 

The plane which passes through the earth's centre and 
the direction of the sun's motion at any instant is called the 
true ecliptic; and, as a first rough result of calculation, ob- 
tained on supposition of the sun and earth being the oidy 
bodies in the universe, this plane, in which, according to the 
last section, an elUptic orbit would be described, Is a fixed 
plane: but this is no longer the case when we take into 
account the disturbances produced hy the moon and planets, 
and it becomes necessary to substitute some other plane of 
reference unaffected by these disturbances. 

Theory teaches na that such a plane exists,* but as its 

• See Poinsat, "Thiorie et rf^ferminaiion, rfe T equateiir du lyttime tolaire" 
wliere he proves that an invariable plane oxiats for the Bolar system, that 
IB, a plane whose position relatively to the fixed stars will always be the 
BBiDE whaCoviir changes the orbits of the planets may experience ; but as 
its position depends on the moments of inertia of the sun, planets, and 
satellites, and therefore on theii internal conformation, it cannot he deter- 
mined d jiriort, and ages must elapse before obaervation can fumish suffi- 
cient data for doing so d poiterioH. 

This result Poinsot obtains on the supposition that the solar system ia 
a &ee system ; but it is possible, as be furthermore remarks, nay probable, 
that the stBTB exert some action upon it, it follows that this invariahU plane 
may itself bo variable, though the change must, according to our ideas of 
time and Bpace, be^indefinit«ly slow and small. 
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determination can only be the work of time, the following 
theorem will supply us with a plane whose motion is ex- 
tremely slow, and it may for a long period and to a degree 
of approximation far beyond that to which we shall carry 
our investigations, be considered as fixed and coinciding with 
its position at present. 

15. The centre of gravity of the earth and moon deacrihea 
relatively to the sun an orbit very nearly in one plane and 
elliptic / the square of the ratio of the distances of the moon 
and sun from the earth being neglected.* 



8- 




Let /8, E^ M be the centres of the sun, earth, and moon, 
O the centre of gravity of the last two. Now the motion 
of O is the same as if the whole mass E'\-M were collected 
there and acted on by forces equal and parallel to the moving 
forces which act on E and M, The whole force on O is 
therefore in the plane 8EM] join 8G. 

Let JL 80M== ft), and let m! be the sun's absolute force. 

Moving force on J^=-^^ in E8y 

m'.M. 
moving force on M= ^' a, in MS. 



* This ratio is about 7^ and, as we shall see Art. (21), such a quantity 
we shall consider as of the 2nd order of small quantities, and its square 
therefore of the 4th order. Our investigations are carried to the 2nd 
order only. 
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These* applied to O parallel to themselves are equi- 
valent to 

m'.E.GE m'.M.OM. ,. ,. ^.. 
— SF 8M^ ^ direction OMy 



m'.KSG m'.M.S G 



and — mus— + — o^^a "^/g. 



But 8E'=8CP + aE' + 2.8a.GEcoi(a, 

8M^ =8CP + OM'- 2 . 8G. OM cos w. 

„ 11 Z.QE \ 

Hence -g^ = -^^- ^^, cosg) , 



H — 0^4 cosft) 



Now E.GE^M.aM:=^[M+E)^^^. Therefore the 

accelerating force in the direction GM 
Sm'.GM.GE 

= ^^4 C08tt> 

= — 3 (accelerating force of sun on G) -^^ . -^^ cos© 

= according to the standard of approximation adopted. 

Hence the only force on G^ is a central force tending 
to 8j and therefore the motion of G will be in one 
plane. 



* In strictness it would be necessary, since we have brought S to 
rest, to apply to both M and K, and therefore to 6, accelerating forces 
equal and opposite to those which E and M themselyes exert on S; 
but the mass of £> is so large compared with those of E and M, that 
we may safely neglect these forces in this approximate determination 
of the path of G, the error being of a still higher order than that introduced 



by the neglect of f — j . 
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Again, the accelerating force in Q8 

m'Sa \ E+M ZjE.GE^M.GM) \ 
"M+EXSff' 8G' ''''^'^J 

= -oTyt ^0 ^^ same approximation. 

Therefore the orbit of O about S is very approximately 
an ellipse with 8 in the focus, and the plane of this ellipse 
is, as far as our investigations are concerned, a fixed plane 
when 8 is fixed. 

This fixed plane is called the plane of t^ ecliptic^ or 
simply the ecliptic. 

16. A plane through the earth's centre parallel to the 
ecliptic will be the plane of reference we require (14) and 
will become a fixed plane when we bring the earth's centre 
to rest, the ecliptic then making small monthly oscillations 
from one side to the other of our fixed plane. 

17. The sun will have a latitude always of the same 
name as that of the moon, and deducible from it, when 




•s.;tMmmmmm. 



^^ ^ I IBIII " 




E8, EMf and the ratio of the masses of the earth and 
moon are known. For if 8'EM' be this fixed plane through 
JE, and 8', a\ M\ the projections of 8^ G, Jf, 

then, sin (sun's lat.) 

= im8E8'=~ = — = -^Q'.sin (moon's kt.) 

E8 E8 E8 

M EM . . , , ^ , 
= E+M'^8 ^^i'^^^<' la*-) 
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Now, from observation it is known that M is about ^ of E^ 

SinAEM j^jfOtES] 

. J, . f 1 ^ j,\ sin (moon's lat.) , 

therefore smfsun s lat.) = — ^ ^^,^^ nearly. 

^ ' 32400 "^ 

And as the moon's latitude never exceeds 5*" 9', the sun's 
latitude will always be less than 1". 

Again, with respect to the sun's longitude: let ET be 
the direction of the first point of Aries, — that is, a fixed 
line in our plane of reference from which the longitudes of 
the bodies are reckoned. TES' = ff the sun's longitude. 

The difference in the sun's longitude, as seen from E 
or from Q^ will be the angle ES'O', 

&mE8' G' = -^f^ sin® = 057^0 approximately, if EO'8' = w ; 

therefore sinES'G' never exceeds ^^J^^, 

therefore ES'O' is a small angle not exceeding 7". 

Also E8' ■-8'G'< EG < ^^^^^ 8' G. 

Now, by assuming the longitude and distance of the 
sun as seen from E to be the same as when seen from 
G^ we commit the above small errors in the position of 
8] that is, we assume the sun to be at 8" instead of >S, 
8' 8" being drawn equal and parallel to G'E. If our object 
were the determination of the sun's position, it would be 
necessary to take this into account; but the consequent 
small errors introduced in the disturbance of the moon will 
clearly, on account of the great distance of the sun, be of 
a far higher order, and may therefore be neglected. 

18. Hence we may assume that the motion of the sun 
about the earth at rest is an ellipse having the earth for 
its focus, and its equation 

2,' = a'{l+e'cos(e'-?)}, 

c 
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and we are safe that no appreciable error will ensae in the 
determination of the moon's place.* 



* That is, as far as the three bodies alone are concerned ;— but, since 
the attractions of the planets may, and in fact do, disturb the elliptic 
orbit of the sun about 6, the same cause will disturb the cummed orbit 
about E, A remarkable result of this disturbance is noticed in Appendix, 
Art. (99). 



( 19 ) 




CHAPTER m. 

EIGOEOUS DIFFERENTIAL EQUATIONS OF THE MOON'S MOTION 
AND APPEOXIMATE EXPRESSIONS OF THE FOECES. 

19. The earth havmg been reduced to rest by the process 
described In Art. (9), its centre may 
be taken as origin of coordinates, the 
fixed plane of reference as plane of xy 
and the line ET as axis of a?. -^ 

Let r, be the coordinates of the projection M* of the 
moon on the plane xy^ s the tangent of the moon's latitude 
MEM', Also let the accelerating forces which act on the 
moon be resolved into these three: 

P parallel to the projected radius M'E and towards the earth, 
r parallel to the plane a?y, perpendicular to P and in the 

direction of increasing^ 
8 perpendicular to the fixed^lane and towards it. 

df ^r ^ r' 

dr r r^ 

d'^y d^x 
whence *^-'5'^ = ^'*' 

d'*x d^y r% 

also d?"~^' 

C2 
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And introducing polar coordinates, these equations become 

d f ^ dd^ 



d 

de 



K"-!)-^ ffl, 

?-'©"-^ <«'■ 

^— s »• 



20. These three equations for determining the moon's 
motion take the time t for independent variable, but it will 
be more convenient in the following process to consider the 
longitude as such, and our next step wiU be to change the 
independent variable from t to 6. 

From (i) we get 

dt dt \ dt) dt ' 

therefore (v ^V = A« + 2 [Tr'dd, 

= E^ suppose, whence J? -^ = TV'. 

Therefore ^r = -j = -S«**i if w = - , 

at IT ' r ' 

dt 1 1 , , 

55 = [ffi? ^ 7T"77~~77T:a W- 



*^V('-''/^'^') 



. . dr dr dO ^j-du 

d^T d ( .gj.du\ TT ^ d f ■rrdu\ 

Substitute in (ii), 

therefore Hi^ ^ (^ S) + -S^"' = ^i 
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w(g4.)+.-|jf-P (A)i 

and writing for -H' and for S-^ their values A* + 2 /-j dB 

T 
and -s the equation becomes 

p r ^ 

This is called the differential equation of the moor! a radius 
vector. 
Lastly, 



da du 
di L ;? • cftJ ■" eft r r dO^^ddJj 



^ ^[uj d\ ^dd ^ d0 ^\^d^[jf(^^^_^duS^ 



m ^f d^8 d\\ rrdH ^ f ds du\ 

from (A), Pa = H*u*[8-^ + us\ + H-^u*a-^-^ 

therefore Pa- 8=B^u^{^+^+H^u*^q', 

Pa- 8 T ^ 
therefore ^ + « = ———___ (7). 

This is the differential equation of the moovCa latitude. 

If the three equations (a), (/8), (7) could be integrated 
under these general forms, then, since they are perfectly 
rigorous, the problem of the moon's motion would be com- 
pletely solved; for as only four variables u^ 5, 5, and t are 
involved (the accelerating forces P, T^ and 8 are functions 
of these), the values of three of them, as u^ 0^ s^ could be 
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obtained In terms of the fourth t] that is, the radius vector, 
longitude, and latitude would be known corresponding to 
a given time. 

21. But the integration has never yet been effected, 
except for particular values of P, T, and 8'y and the method 
which we are in consequence forced to adopt, is that of 
successive approximation, by which the values of w, 0^ and s 
are obtained in a series, the terms proceeding according to 
ascending powers of small fractions, some one being chosen 
as a standard with which all others are compared, and the 
order of the approximation is esteemed by the highest power 
of the small fractions retained. 

It is usual to consider ^ as a small fraction of the first order, 
consequently ^ of ^ = ^^^ is second 

^^TFis..^ third 

and so on, other fractions being considered as of the 1st, 
2nd, &c. orders, according as they more nearly coincide with 
^j -ih-uj &c. 

22. It is necessary therefore, before we can approximate 
at all, that we should have a previous knowledge (a rough 
one is sufficient) of the values of some of the quantities 
involved in our investigations; and for this knowledge we 
must have recourse to observation. 

We shall therefore assume as data the following results 
of observation : 

(1) The moon moves In longitude about thirteen times 
as fast as the sun. The ratio of the mean motions In longi- 
tude represented by m is therefore about ^, and may be 
considered as of the 1st order.* 

* This approximate value of m is easily obtained ;— the moon is foiind 
to perform the tour of the heavens, returning to the same position among 
the fixed stars, in about 27i days ; the sun takes 365} days to accomplish 
the same journey. 
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(2) The stm's distance from tte earth is about 400 times 
as great as the moon's distance. 

Hence the ratio of the mean distances = jjj is of the 
second order.* 

(3) The eccentricity e' of the elliptic orbit which the 
sun approximately describes about the earth ia about ^, 
and this, approaching nearer in value to ^ than to ^Jij, 
will be considered as of the 1st order. 

(4) During one revolution, the moon moves pretty ac- 
curately in a plane inclined to the plane of the ecliptic at 
an angle whose tangent is about ^, and therefore of the 
1st order, t 

(5) Its orbit in this plane is very nearly an eUipso having 
the centre of the earth in its focus, and whose eccentricity is 
about equal to oui- standard of small fractions of the 1st order, 
viz. ^ ; and this will also be very nearly true of the projec- 
tion of the orbit on the plane of the ecliptic.j 



• The diHtances of the IviminarieB may be oalcnlaled from their hori- 
zontal parallaxes, found by obBerTationa made at remote geographical 

+ That the moon's orbit during one revolution is very nearly a plane 
inclined as we have stated, will be fuund by noting her position day after 
day among the Sied stars ; and the sun's path having prGviousIy been 
aicertained in a similar way, the rules of Spherical Trigonometry will 
easily enable us to verify both statements. 

t The elliptic nature and value of the eccentricity of the moon's orbit 
may be found by daily observation of her paraUax, whence her distance 
from the earth's centre may be determine iJ ; corresponding observations of 
her place in the heavens being taken, and corrected for parallax to reduce 
them to the earth's centre, will determine her angular motion. Lines 
proportional to the distances being then drawn from a point in the proper 
directions, the extremities mark out the form of the moon's orbit. 

A similar method applied to observations of the diameter of the 
'WQl determine the eooentricity of its orbit. 



J 



24 LUNAR THEORY. 

To calculate the values ofP^ T, 8. 

23. We are now in possession of the data requisite for 
beginning our approximations, and we shall proceed to the 
determination of the values of P, T^ and 8 in terms of the 
coordinates of the positions of the sun and moon. 

Let 8^ Ej Mhe the centres of the sun, earth, and moon, 




jif 



m'j Ej M their masses, 

E\ M\ the projections on the plane of the ecliptic, 

O the centre of gravity of E and 2f, 

MOM* = tan~*« = moon's latitude, 

E'T the direction of the first point of Aries, 

>g(? = r' = A ; i^ TJS?'/S= ff = longitude of sun, 

M'E' = r = i ; L TE'M' = ^ = longitude of moon, 

.'. 8EM' = 5 — 5' = diflTerence of longitude of sun and moon. 

The forces we have to take into account are, according 
to Art. (9), the forces which act directly on 2f, and forces 
equal and opposite to those which act on E'^ — ^these last 
being applied to the whole system so that E may be a 
fixed point. 

Tit 

Attraction of 8 upon 2f = -^^ in M8^ equivalent to 

^ -g^ mifG^, 

\m' -g™ parallel to G8] 
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E 
attraction of ^upon 2f=-jj=j in JfiF; 

m' 
attraction of 8 upon E^-^^^ in E8^ equivalent to 

w' -g^ mEG^ 

ffi -^^ parallel to G8\ 

M 
attraction of Jf upon ^=^irfm U^ ^M, 

Therefore, the whole attraction upon Mj when E is 
brought to rest, is 

E+M ^ J Ma . Ea\. ^^ 

and vfir f -^^ — "or^J parallel to GB. 

These escpressions of the accelerating forces on M are 
rigorous, and can be expressed in terms of the masses and 
coordinates of the bodies ; but {once our investigations will 
be carried only to the second order, it will be suffident if, 
in the preceding, we neglect smaU quantities of the fourth 
and higher orders. 

Now, BM^' = SM-* + MM"* 

= 8CP+ aw* -28a. aw cos saw + ww* 



= r"(l- 



aw „^,„ aw\ 



i^^^isaw 



therefore ^g^ = ps |I +— /— cos (^ - ^)| ; 

for e-& or BEW differs from SaW by less than 7", 

(QW^ 
— T ) is neglected, being of the fourth order. 

Art (22). 
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Similarly, -gp = ^, |l ^ co8(^- ^)i ; 

therefore, the accelerating forces on the moon are ap- 
proximately 

-^ + ^' {Ma+ GE) m direction ME, 

and ^ {0^+ GE") cm{e-ff) paraUel to 08, 

T 

whence P= {^ + ^' ME\ coaMGM'- ^ ifE co^id-ff) 

u m'r 3m'r ,, „,/, ^y,, 

- +--ir--5IT{l + cos2(d-^)} 



,,, ,>i r" 2r 



m'u" 



= /itt''(l-fO— — {i + |cos2(^-^)}, 
2^= _ ?^ JIT^' cos(^ - ff) sin (^ - ff) 



r 



m'u" 






{ 



r''(l+«") ■ r'» J V(l+0 



= /*«"(« -!«') + 



"ST' 



p« _ ;5= _ 2!!!^ (I + 1 cos2 (d - ^)}. 

24. The differential equations in Art, (20), when these 
values of the forces are substituted in them, would contain 
a new variable d', but we shall find means to establish a 
connexion between t^ 0^ and ff^ which will enable us to eli- 
minate it. 

They will, however, be still incapable of solution except 
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by successive approximation ; but before proceeding to this, 
it will be important to consider the order of the disturbing 
effect of the smi's action, compared with the direct action 
of the earth. Now, if we examine the values of P, T^ and 
8^ it will be found that the most important of the terms 
containing m', which are clearly the disturbing forces since 

they depend upon the sun, are involved in the form —^ , 

while those independent of the sun's action enter in the 

form -5 . 
r 



We must therefore find the order of — ^ compared with —^ , 



orof ;i3 5. 

T T 

Now the orbits being nearly circular, and m the ratio 
of the mean motions. Art. (22), we have 

mean motion of sun periodic time of moon 
"^ = mean motion of moon = periodic time of sun 

therefore -75 : ^ : : m* : 1, 

or the disturbing force of the sun is of the second order 
when compared with the direct action of the earth. 
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CHAPTER IV. 



INTEGRATION OP THE DIFFERENTIAL EQUATIONS. 



Section I. 

Oeneral process described. 

25. The di£Perential equations which we have obtained 
are, as already stated, incapable of solution in their general 
forms; and even when P, T^ &c. have been replaced by 
their values, the integration cannot be effected| and we 
must proceed by successive approximation. 

Firstly, neglect the disturbing force of the sun which 
is of the second order, and also the moon's latitude, which, 
as will be seen by referring to the expressions for the 
forces (23), will either enter to the second power or else 
in combination with the disturbing force. 

When this is done the equations become integrable, and 
values of u and s may be obtained in terms of 6 correct to 
the same order of approximation as the differential equations 
themselves, that is, to the first order; this value of u will 
then enable us to get the connexion between 6 and t to 
the same order. 

[Let us, however, bear in mind that the equations thus integrated 
are not the differential equations of the moon's motions, but only 
approximate forms of them; and it is, therefore, possible that the 
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reaulu obtained may not be even approximate formH of tbe true 
solutions. 

Wbether they are so or not, can only appear by comparing them 
with what we already know of the motion from obaervition, and this 
previous knowledge, in the event of their not being approximations, will 
probably suggest such modifications of them as will render them so.] 

The integration of the equations (a), (^), (7) can be per- 
formed when the second merabera are circular functions of 
d; and as the first approximation will give us tbe values 
of u and s in that form, these values when admissible will, 
if carried into the expresBiona for the forces, also express 
these as functions of 6, and we can proceed to a higher 
approximation. 

The new approximate values of P, T, 8 are then made 
use of to reduce the second members of the differential 
equations to functions of 9, retaining those terms of the 
expressions which are of the second order. 

The equations are again integrable, and this being done, 
tbe values of m, s, t will be obtained correctly to the second 
order. These values introduced in the same manner in the 
second members, and terms of the next higher order re- 
tained, will lead to a third approximation, and so on, to 
any order; except that if we wish to carry it on beyond 
the third, the approximate values of tbe forces, given in 
Art. (23), would no longer be sufficiently exact. 

26, There is, however, a peculiarity in these equations, 
when solved by this process, which we must notice. We 
have said that to obtain the values to any order, all terms 
up to that order must be retained in the second members : 
but it may happen that a term of an order beyond that 
to which we are workmg would, if retained, be so altered 
by the mtegration as to come within the proposed order. 

Such terms must therefore not be rejected, and we shall 
proceed to examine by what means they ma.^ b^ teKft^is^- 



I 
J 
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27. Suppose then that after an approximation to a certam 
order, the substitutions for the next step have brought the 
equation in i^ to the form 

^+1^= 4-^co8(p^+i0 + > 

where the coeflScient O is one order beyond that which we 
intend to retain. The solution of this equation will be of 
the form 

w= + G' QO%{pd + H) + , 

G' being a constant to be determined hj putting this value 
of u in the differential equation, 

whence G' = • , 

1—p ' 

from which we learn that if p differs very little from 1, G' 
will be at least one order Ixywer than (7, and will come 
within our proposed approximation, and consequently the 
term G Q,o^[pd ■{- H) must be retained in the differential 
equation. 

The equation of the moon's latitude being of the same 
form as that of the radius vector, the same remarks apply 
to it. 

28. Again, in finding the connexion between tiie longi- 
tude and the time (one of the principal objects of the Theory), 
we must use equation (a), Art. (20), 

dt 1 

T0^ . , // cT 



'^Wi'^'m^'') 



Now, having developed the second member and substituted 
for Uy &c. their values in terms of 0, let it become 

^= + Qcoa{qe + B)+ ; 



/; 
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hence, «= + -^sm[q6 + It)+ 

Therefore, when j is of the first order, — will be one order 

lower than Q, and the term will have risen in importance by 
the integration. 

But jet further, if such terms occur in -^, they will be 
twice increased in value; for they increase once in forming 

T 

Since such terms occur in the development of -g, and also 

of Tg , on account of their previously being found in w, we 

must examine how they appear in the differential equation 

that gives u^ that we may recognise and retain them at the 

outset. Now, by referring to the last article, we see that when 

p is very small G and G will be of the same order ; and in 

1 T 
-5 , -5 the order of the term will still be the same. 

29. We have, therefore, the following rule : 

In approxivnating to any given order ^ we mttstj in the differ 

rential equations for u and s, retain periodical terms ONE 

OBDEB beyond the proposed one^ when the coefficient of 6 in 

their argumentf^ is nearly equal to 1 or 0; and terms in which 

the coefficient of the argument is nearly equal to 0, mv^t he 

retained TWO OBDEBS beyond the proposed approximation when 

T 
they occur in r^^ . 



* The angle of a periodical tenn is its only variable part and is called 
the argtiment. 
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K we wished to obtain u only and not ty there would be 
no necessity for retaining those terms of a more advanced 
order in which the coefficient of nearly equals 0. 



Section II. 

To solve the Equationa to the first order. 

30. We shall in this first step neglect the terms which 
depend on the disturbing force, i.e. those terms which con- 
tain w', for we have seen, Art. (24), that such terms wiU be 
of the second order. 

The difierential equations may be written under the more 
convenient form 

d% P T du ^(d^u 



2^ + t*- ^,^, ^,^3^^ 



-KS-^")/^-^^-^^)' 



d's Ps-8 T ds ^(d^s \ [T ^ ,. 

W''^''n?^'^W'de^^\W''V]j^' ^''^^^' 

The latitude s of the moon can never exceed the inclina^ 
tion of the orbit to the ecliptic ; but this inclination is of the 
first order, therefore s is at least of the first order and s^ may 
be neglected. 

Therefore, from Art. (23), 

P T ^ Ps-'S ^ 

-. = A^; -3 = 0; -^ = 0, 

and the differential equations become 

d*s 
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whence t« = ^ {1 + 6 cos (tf — a)}, or, writing a for ^ , 

w=a {l + ecos(^-a)} (Z7J, 

and s==kmi{0 — y) {S^)j 

ejO^k^y being the four constants introduced hj integration. 

31. These results are in perfect agreement with what 
rough observations had abready taught us concerning the 
moon's motion Art. (22) ; for 

u = a{l + e cos(^— a)} 

represents motion in an ellipse about the earth as focus. 

Again, « = ^sin(d — 7) indicates motion in a plane in- 
clined to the ecliptic at an angle tan"^^. 
For, ifrOM' be the ecliptic, 

if the moon's place, 
MJif an arc perpen- 
dicular to the ecliptic, 

then TJf ' = ; 

and if TO be taken equal to 7, and OM joined by an arc of 
great circle, we have 

sin OM' = tan JlOf' cot MOM' ; 
or sin (^ - 7) = 5 cot MOM' ^ 

which, compared with the equation above, shews that 

MOM'=^tm"k. 

Therefore, the moon is in a plane passing through a fixed 
point and making a constant angle with the ecliptic; or? 
the moon moves in a plane. 

32. What the equations can not teach us, however^ ajiA 
for which we .must have recourse to our oVs^cr^^^votvs*^ \^ "^^ 
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approximate magnitude of the qoantities e and Ic. By re- 
ferring to Art. (22), we see that e is about ^ and Jc about 
^^, that is, both these quantities are of the first order. Tlieir 
exact values cannot yet be obtained : the means of doing so 
from multiplied observations will be indicated further on. 

The values of a and 7 introduced in the above solutions 
are respectively the longitude of the apse and of the node. 

33. Lastly, to find the connexion between t and 0^ the 
equation (a) becomes, making jP=0, 

dt _^_^ 1 

dd" hu^^ ha^ {l + ecos(^-a)}** 

Now this is the very same equation that we had connecting 
t and d in the problem of two bodiesj Art. (12), as we ought 
to expect, since we have .neglected the sun's action. There-, 
fore, if ^ be the moon's mean angular velocity, we should, 
following the same process as in the article referred to, 
arrive at the result 



6=jl>t + t-\'2e sin(^* + 8 — a)4-fe' sin2(^f + 8 — a) + , 

which is correct only to the first order, since we have re- 
jected some terms of the second order by neglecting the 
disturbing force. 

34. The arbitrary constant s, introduced in the process 
of integration, can be got rid of by a proper assumption: 
this assumption is, that the time t is reckoned from the 
instant when the mean value of is zero.* 



♦ When a function of a variable contains periodical terms "which go 
through all their changes positive and negative as the variable increases 
continuously, the mean value of the function is the part which is inde- 
pendent of the periodical terms. 
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For, since the mean value of d^ found by rejecting the 
periodical terms, is pf + e; if, when this vanishes, ^=0, we 
must have 8 = 0; therefore 

^=pe + 26sin(yf-a) 0^, 

correct to the first order.* 

35. We have now obtained three results, C^, 8^^ 0^, 
as solutions to the first order of our differential equations, 
and we must employ them to obtain the next approximate 
solutions: but before U^ and /S^ can be so employed they 
must be slightly modified, in such a manner however as 
not to interfere with their degree of approximation. 

The necessity for such a modification will appear from 
the following considerations: 

Suppose we proceed with the values already obtained; 
we have, by Art. (23), 



.'--'8 






iVM',,'8 

mu 



= a(l-f5»)-^^3{l + eco8(^-a)r, 
= ^..+-4 cos(5-a)4- ; 



* We shall also employ this method of correcting the integral in our 
next approximation to the value of 6 in terms of t ; and if we purposed 
to carry our approximations to a higher order than the second, we should 
stiU adopt the same value, that is, zero, for the abitrary constant intro- 
duced by the integration. To shew the advantage of thus correcting with 
respect to mean values : suppose we reckoned the time from some d^nite 
value of 6, for instance when 0=0; then, in the first approximation, 

= e + 2e sin (e — a), 

is the equation for determining the constant e, and in the second ap- 
proximation, e would be foimd from 

= • + 2^ sin(e ~ a) + f^' sin2 (« — a) + , , , ,, 

giving different values of e at each successive appioxYm^xXoTi. 
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and this being substituted in the differential equation (fi^) 
of Art, (30), gives 

^ + t^ = + -4 cos(^-a)4- , 

the solution of which is 

w = a{l4-e cos(^-a)} + + ^-45 sin(5-a). 

Our first approximate value m = a {1 + e cos(d — a)} Is thus 
corrected by a term which, on account of the factor 9, admits 
of indefinite increase, and thus becomes ultimately a more 
important term than that with which we started as being 
very nearly the true value, and which is confirmed as such 
by observation (22) : for, the moon^s distance, as determined 
by her parallax, is never much less than 60 times the earth's 
radius ; whereas this new value of w, when Q is very great, 
would make the distance indefinitely small; and, on the 
same principle, we see that any solution, which comprises 
a term of the form AO sin(d — a), cannot be an approximate 
solution except for a small range of values of Q. 

Such terms 'if they really had an existence in our system, must 
' end in its destruction, or at least in the total subversion of its present 

* state; but when they do occur, they have their origin, not in the 

* nature of the differential equation!, but in the imperfection of our 

< analysis, and in the inadequate representation of tiie perturbations, 

< and are to be got rid of, or rather included in more general expres- 
' sions of a periodical nature, by a more refined investigation than that 
'which led us to them. The nature of this difficulty will be easily 

< understood from the following reasoning. Suppose that a term, such 

< as a sin (AB + B\ should exist in the value of m, in which A being 

< extremely minute, the period of the inequality denoted by it would 
'be of great length; then, whatever might be the value of the co- 

< efficient a, the inequality would still be always confined within certain 
' limits, and after many ages would return to its former state. 

* Suppose now that our peculiar mode of arriving at the value of ti> 
Med us to this term, not in its real analytical form a ^yxi(AO\B\ but 
*by the way of its development in powers of ^, o+/3^+7^+&c.; and 
' that, not at once, but piecemeal, as it were ; a first appoximation giving 
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'us only the term a, a second adding the term fiO, and so on. If 
'we stopped here, it is obvious that we should mistake the nature 
' of diis inequality, and that a really periodical function, from the effect 
' of an imperfect approximation, would appear under the form of one 

'not periodical These terms in the value of u, when they 

'occur, are not superfluous; they are essential to its expression, but 
' they lead us to erroneous conclusions as to the stability of our system 
* and the general laws of its perturbations, unless we keep in view that 
' they are only parts of series ; the principal parts, it is true, when 
' we confine ourselves to intervals of moderate length, but which cease 
'to be so after the lapse of very long times, the rest of the series 
'acquiring ultimately the preponderance, and compensating the want 
' of periodicity of its first terms.' — SlE John Herschel, Encyclop€Bd%a 
MetropoUtanor^VRYSiCAL Astronomy, p. 679. 

36. To extricate ourselves from this difficulty, and 
to alter the solution so that none but periodical terms 
may be introduced, let us again observe that the equation 

j^+u = Y^ = a of Art. (30), which gave the solution U^ 

and thus led to the difficulty, is *only an approximate form 
of the first order of the exact equation (/8') of the same 
article. Any value of w, therefore, which satisfies the ap- 

proximate equation -^^ + u = a to the first order, and which 

evades the difficulty mentioned above, may be taken as a 
solution to the same order of the exact equation {13'). 
Such a value will be 

u = a{l+e co8{cd — a)} f7/, 

provided 1 — c* be of the first order at least, for then 

d\ 

-—^u=^a + ae{l—c^) cos(c^ — a), 

= a to the first order. 

37. The observations hitherto made to check our ap- 
proximations were extremely rough (22), and camad ^^tcl 
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only for a short interval; but when they are made with 
a little more accuracy, and extended over several revolutions 
of the moon, it is found that her apse and the plane of 
her orbit are in constant motion. 

The above form of the value of t£ is suggested by our 
previous knowledge of this motion of the apse, which, as 
we shall see Art. (66), is connected with the value of c 
here introduced; and there is no doubt that Clairaut, to 
whom this artifice is due, was led to it by that consideration, 
and by his acquaintance with the results of Newton's ninth 
section, which, when translated into analytical language, lead 
at once to this form of the value of u.* 

We might, therefore, taking for granted the results of 
observation, have commenced our approximation at this step, 
and have at once written down 

u = a{l+e C08(c^ — a)}, 

but we should, in so doing, have merely postponed the dif- 
ficulty to the next step, since there again, as we shall find, 
the differential equation is of the form 

-rrj^ + M = a function of d. 



* Newton has there shewn, that if the angular velocity of the orbit 
be to that of the body as Q-F \o O^ the additional centripetal force is 

— -^ — AV, the original force being fit^. Therefore 

d^u F' a ' F^ fi F^ 
dO" G^ k* G^hf G* ' 

(F 



u=a\ 1+e cosf— ^- ajL 



F , 
where ^ is the same as our c. 



• * • .. ^ *f 
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the correct integral of which would be, 

u^A cos(^-5) + , 

and this would at the next operation bring in a term with 
for a coefficient, which we w>w know must not be. We 
shall, therefore, hereafter omit such terms as A cos (^-5) 
altogether, and merely write 

w = a{l4-e cos(cd — a)} + 

38. So far, all that we know about c is that it differs 
from unity at most by a quantity of the first order, but 
its value will be more and more correctly obtained by always 
writing, in the successive approximations, a -f oe cos [cO — a) 
for the first two terms of the value of w, then the coefficient 
of cos(c^— a) in the differential equation must equal a6(l—c'') ; 
and this will enable us to determine c to the same order 
of approximation as that of the differential equation itself. 
See Arts. (48) and (94). 

39. In carrying on the solution of 5, the same difficulty 
arises as in w, and it will be found necessary to change it into 

5 = A; sin(;9'^— 7) B\^ 

g being a quantity which differs from unity at most by a 
quantity of the first order. See Arts. (49) and (95). 

40. The equation 0j will also be modified by this change 
in the value of w, 

dt^_ _1 1 

d0ZM {l+6Cos(cd-a)f 

d.ct _ 1 1 

^^ d.cd ^ ha^ {1 4- e cos(c^ - a)}* ' 

Here c9 a;nd ct hold the places which 9 and t occupied 
in (33) ; therefore 

c9=^cpt-\-2e %m{cpt-OL)^ 
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or 0=pt'h2e Bin{cpt-'a) 0\ 

to the first order, since - = 6 to the first order. 

' c 

41. Since the disturbing forces are to be taken into 
account in the next approximation, we shall have to use 
the value of u found in (18), which is 

t,' = a' {l + e'cos(^-.g)}: 

but this introduces 6' ; we must therefore further modify it 
by substituting for 0' its value in terms of 0y and it will 
be found sufficient, for the purpose of the present work, 
to obtain the connexion between them to the first order, 
which may be done as follows : 

Let m be the ratio of the mean motions of the sun and 
moon, 

^', p their mean angular velocities ; /. p' = mp^ 

pt-V ^^pt mean longitudes at time ^, /8 being the sun^s 

longitude when ^ = 0, 

0'^ true longitudes at time f, 

f, a longitude of perigees when ^ = ; 

therefore ^' — f = gun's true anomaly, 

and y < + iS — f = mean anomaly. 

But, by Art. (13), 
true anomaly = mean anomaly + 2e sin (mean anomaly) + &c.; 

therefore ff = pt + fi + 2e' sin(/e + i8- ?) + 

= mpt + /3 4-2e'sin(wp^+i8-5') + 

m0 + l3 +2e'sin(wd4-i8-f) 
to the first order ; 
because j?i = ^ — 2e sin {c0 — a) to the first order by (40). 
Whence w' = a' {1 + e' cos {m0 + /8 - f )} to the first order. 
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42. The values of 8in2 (^- &) and cos 2 (^- ^) can also 
be readily obtained to the same order : 

sm2(^-e') 

==sm{(2-2m) ^-2/3-46 sin(md + /3-.f)} 

=: sin {(2-2w) tf - 2/3} - 4e' sin(mtf +/S- f ) cos {(2-2w) ^- 2/3} 

= sin{(2-2wi) 0- 2/3} -2e' sin{(2 - tw) 6-^8- f} 

4-2e'sm{(2-3w)0-3/3+?}. 
Similarly, cos2 (0 - 0') = cos {(2 - 2wi) - 2/3} 

~2e' cos{(2- w) e-iS- ?} -f 2e' cos{(2-3m) 0- 3^8+ ?}. 
The first term of each of these is all we shall require. 



Section III. 

To solve the Equations to the Second Order, 

43. Let us recapitulate the results of the last approxi- 
mation. 

M = a {1 + e cos(c0 — a)}, 

u' = a' [1 + e' cos(m0 + /3 - ?)}, 

s^k sin (^0-7), 

0-0' = (l-m)0-/3-2e'sin(w0 + /3-?). 

These values must now be substituted in the expressions for 

P T Ps-S T du ^ds^ (d\ \ fj^ ,^ 

AV AV AV ' AVrf0' AVrf0' [dff''^^) jh\' ^' 

-™ + s) iTjrs ^^) retaining terms above the second order, 

when, according to the criterion of Art. (29), they promise 
to become of the second order after integrating. 
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The equations (ff) and (7') of Art. (30) wUl then aasame 
the forms 

and the integration of these will enable us to obtain u and s 
to the second order ; after which, equation (a) of Art. (20) will 
give the connexion between and t to the same order. 

44. The quantity -ri-g , which we shall meet with as 

a coefficient of the terms due to the disturbing force, can 
be replaced by m*a, m being the ratio of the mean motions 
of the sun and moon. 

So long as we neglected the disturbing force, h and a 
had determinate values : — they belonged to the ellipse which 
formed our first imperfect solution, and would therefore be 
known from the circumstances of motion in that ellipse at 
any instant, h being double the area described in a unit 
of time, and a the reciprocal of the semi-latus rectum. It 
would consequently be impossible to assume any arbitrary 
connexion between them. But, when we proceed to a second 
approximation and introduce the disturbing force, there is 
no longer a determinate ellipse to which the h and a apply : 
the equation fi = A*a of Art. (30) merely shews that a and h 
must refer to some one of the instantaneous ellipses which 
the moon could describe about the earth if the disturbance 
were to cease, and we are at liberty to select any one of 
these which will allow us to proceed with our approximation. 
The particular ellipse will be determined by the assumed 

relation -^-g = w'a, and the selection is suggested and 
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ft u 

justified by the following reasoning: 

_y _ average period of moon about earth 
p period of sun about earth ' 

but, since the instantaneous ellipses are nearly circles, we 
have, as in Art. (24), 

(period of moon about earth )* ___ m'a^ , 
(period of sun about earth)'* "" fia^ ^ ' 

therefore if a be properly chosen, 

fiia ' 
ma 



h'a' " 



45. We have therefore 



^=|(i-fO-^{i+fcos2(e-e')} 

n 8W • 2/ /, N) rwV'^ll+e cos(me+/3-.?)n 
= a{l-|^ sm (^e-7)}- [ AV{l + .cos(cg-a)r J 

[i + f cos{(2-2w)e-2/3}] 

fl-fA:' + f£'cos2(,9e-7) 
= a -|m'{l + 3e'cos(?7ie + )8-?)} {l-3e cos(ce-a)} 
I [1 + 3 cos {(2 -2m)e- 2/3}] 

1 - |A:-+|J« cos2 (^0-7) -^"[1+3 cos{(2-27w) 0-2^8}] 
= a — f mV cos {m0 + ^8 - f ) + f^w^e cos {cO — a) 

I + fw"e cos{(2 - 2w - c) e - 2)8 + a}. 

The last three terms are retained, though of the third 
order, according to Art. (29). The first of the three will 
not rise in importance in the value of w, but It is retained 
for its subsequent use in finding <, when it will become of 
the second order. The other terms of the third order, which 
arise in the development of the expression, are neglected, 
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as the coefficients of d in their argoments are neither small 
nor near unity. 



''"''? 8m2(d-^) 



K 



2AV 

^_3>.'a-{l + e'cos(^g + /3-g)r^^ 

2AV{l + 6COs(c0-a)}* ^^ ^ ^ 

= - f w'* {1 + 3e' cos(7n^ + /3 - 0} 

[l-4ecos(c^-a) + 10e'cos'(c^-a)] sin{(2-2m) ^-2/8} 
= -fw»{l + 3e'cos(w0 + /3-?)} 

[sm{(2-2w)0-2)8}-2esin{{2-2w-c)e-2y8 + a} 

+ f e* sin {(2 - 27w - 2c) ^ - 2/8 + 2a}] 
'sm{(2-2w)5-2i8}-2esiii{(2-2m-c)e-2y8+a} 
.+ f e' sin {(2 - 27W - 2c) ^ - 2^ + 2a}. 

We have, in the course of the reduction, dropped those 
terms which, according to Art. (29), could not produce im- 
portant terms in the resulting value either of u or of U 
The last term, though of the fourth order, is retained be- 
cause 2 — 2m — 2c is small. 

rp JL. 

Tj-3 -=g= (previous expression) {— ace 'sin (c0 — a)} 

= fmW cos {(2 - 2w - c) ^ - 2/8 + a}, 
for, to the first order, c = 1 ; 

,8-8 -^= (same expression) \kg cos(5r^ — 7)} 

= - f m"A: sin {(2 - 2w -gr) 5 - 2/8 + 7}, 
for, j5^ = 1 to the first order : 

^ COS {(2 -27^)0-2)8} 



/; 



T 



2-2wi 



2c 



^rfg=:K^~ ^^^^^^ cos{(2-2m^c)g-2/3 + a} 

5c" 



2(2-2?w~2c) 



cos{(2-2m - 2c) ^ - 2/8 + 2a} : 



f T 
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but - — — = ^ + terms of first order, 



2-2w 

26 



2-2m-c 
6^ 5e» 



= — 26 + terms of second order, 



2(2-2w-2c 4(l-m-c)' 

Here the denominator is of the first order, and cannot be 
further simplified without a more accurate knowledge of the 
value of c. We shall find in the next value of w. Art (48), 
that 1 — c is of the second order, and as this result is obtained 
independently of the term we are here considering, which is 
only retained for the sake of finding ^, there is no impropriety 
in anticipating thus far in order to simplify this coefficient, 
which then becomes 

-^+tennsofthe second order; 

.-. /^rf5 = fw''cos{(2-27w)^-2^} 

- 3m'6 cos { (2 - 2wi - c) ^ - 2^8 + a} 

- ^me^ cos{(2 - 2m - 2c) ^ - 2^8 + 2a}. 
Also, by Art. (36), 

TS + w = a + quantities of the second order, 

3^ + « = sn^all quantity of the second order at least ; 

.-. 2 (^ + «) /jj^ dd = f m»a cos {(2 -2m) 0- 2/3} 

- Grn'oe cos {{2 - 2ot - c) ^ - 2i8 + o} 

- ^me*a cos {(2-2m-2c) ^ - 2/8 + 2o}, 
2 (^ + «^ fj^ dd = 0, to the third order. 
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Lastly, 

{1 + 3e' cos(w^ + iS - ?) - 4e cos(c& - a)} 

In all these expressions we have rejected those terms of 
the third and higher orders which, according to Art. (29), 
would not influence the second order.* 

46. We must now substitute these values in the diffe- 
rential equations for w and «, and then integrate, omitting 
the complementary term A cos(0 — JB); for though, by the 
theory of differential equations, this would form a necessary 
part of the solution, we have seen Art. (35), that it cannot 
in this shape form a part of the correct value of u or », but 
will be comprised in the terms whose arguments are c^ — a 
and <jd — 7. 

47. Since the form of the solution is known, the actual 
expressions for u and 8 will be obtained with more facility 



* Instead of the forces which really act on the moon, we originaUy 

substituted three equivalent ones, P, 7, S\ these again are, by the pre- 

cedii]tg expressions, replaced by a set of others. For, we may conceive 

p 
each of the terms in 7^-3* ^c* to correspond to a force,— a component of 

P, r, or ;Si; each force having the same argument as the term to which 
it corresponds, and therefore going through its cycle of values in the same 
time. Now, by Art. (29), when the coefficient of in the argument is 
near unity, the term becomes important in the radius vector, and when 
near zero, in the longitude : hence, a force whose period is nearly the same 
as that of the moon, produces important effects in the radius vector ; and 
a force whose period is very long will be important in its effect on the 
longitude. See Airy' a Tracts, Planetary Theory ^ p. 78. 
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by assuming them with arbitrary coefficients, the values of 
which are afterwards determined by substitution. 

We must remember, however, that the coefficients of 
co8(c0 — a) in u and of em{g0--y) in 8 must be assumed the 
same as in the first approximate solutions; and that these 
assumptions will enable us to obtain the values of c and g to 
the same order of approximation as that to which we are 
working, Art. (38). 

48. Considering, firstly, the equation in w, we have 

T du ^(d'u 



d^u P 



de" 



A«-^ 



u 



-KS+^)/a&^^' 



A V de 

+ |r/i*e cos {cd — a) 
+ |i'cos2(90-7) 
= a( - 3w' cos{(2 - 2m) ^- 2)8} 

+ ^m\ cos{(2-27W-c) ^- 2^ + a} 
-f7wVcos(wi5 + i8-f) 
1+ ^rm^ cos {(2 - 2w - 2c) ^ - 2)8 + 2a}. 

The last two terms would not be retained if we wished 
to find the value of u only, but, in finding t afterwards, they 
will become of the second order. 

+ e cos(c0 — a) 
■^-A cos2{g0 — y) 
Assume u^a{ + £ cos[{2 - 2m) - 2fi} 

+ C cos{(2 - 2m'' 0)0-213 -ha} 

+ D cos{m0 -{• 13 - ^) 

+ E cos{(2 - 2m- 2c) ^- 20 + 2a\. 
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Then, by substitution, 

e (1 - c") = f »»*e, 

B{l-{2- 2my} = - Sm% 

C{1-(2-2ot-c)*} =V«i% 

Dil-m") =-fmV, 
^ {1 - (2 - 2m - 20)*} = V»»«* > 

whence c = V(l - f «»*) = 1 - i^% 

3i» 



^ = 



5= 



4 (1 - 4) 
1-4 



= -iA«, 



=«i' 



^ = 2{l-(l-2m + Kn~ ^'"^' 



2^f 



Z) = - 



Sw'e 



^= 



2(l-m") 
15»«e' 






Therefore 

+ 6 co8(cd-a) 

i^ = a(+ m" C08{(2 -27w) e- 2^} 

+ ^7weco8{(2-2wi-c)e-2)8 + a} 

-fmVcos(we + i8-?) 

.+ y^wie' cos {(2 - 2m - 2c) e - 2/8 + 2a} ^ 

49. The differential equation of the latitude 



V 



..u.. 



d*8 



dS"^"' h\' 



Pa- 8 T da 



«-.8 



h*ii 
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becomes, after substitution, 

d^S _ J— |»l% sin (grfl — ry) 

rffl" *"" (4. |^«i sin{(2 - 2m -g) - 2)8 + 7). 

Assume « = •! 

1+ -4 sin {(2 - 2w -^r) - 2/8 + 7}. 

Then, by substitution, we get 

^ {1 - (2 - 2m'' gY] = + f »i%. 

Therefore 5- = V(l + f ^") = 1 + !«**, 

. Sn^ « ,. 

^""2{l-(l-2m-Kn"^'^' 

therefore , = f «i^(i^»-7) 1 ^ 

1+ §w* sin{(2 - 2m -^r) e - 2)8 + 7} j 

50. We can now find the connexion between the longi- 
tude and the time to the second order, 

dt 1 



de~ . „/. . CT 



^^i'^'m^^) 



l = At?0"/AV^®)' 



and from Art (48) we have 
1 1 



Aw" Aa»{l + ecos(c9-a) + S, + S3}"' 

(Sg being the sum of all the terms of the second, and 
Sg those of the third order in w,) 

= ^Jl-2{ecos(ce-a) + S, + S3} 

+ 3 {e cos(ce - a) + 2j, + t^Y - &c.] 
= pi [1 - 2e cos(ce- a) - 2S,-2S3 

+ 3e' cos*(cO - a) -I- 62^6 coa(c9 - a\\ 
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1 



= ^ [1 - 2e co8(ce - a) - 2S, - 22, + f€"+ fe* cob2 {cO-a) 

+ V^co8{(2-2m-2c)e-2/8 + 2a}] 

'l+|e' + |** + m*-2ecos(ce-a) 

+ fe"co82(ce-a) 
+ i^'co82(5re-7) 

- 2m" C08 {(2 - 2m) - 2/8} 

- Vwe coB{(2-2w-c)ff-2y8+a} 
+ 3mVco8(we + i8-^ 

- V^cofl{(2-2m-2c)e-2i8+2a}. 

Also, from Art. (45), 

1 -/tjts eZe= 1 - fwi" C08{(2 -2m) 0-2/8} 

+ V wie" C08 {(2 - 2m - 2c) 6 - 2y8 + 2a}, 

neglecting the other term of the third order, the coefficient 

of the argmnent not being sm^ill. 

We have now to multiply these results tpgether, and we 

see that the term having for argument (2— 2m— 2c)9— 2)8+2a 

will disappear in the product. If we trace this term, we shall 

C T 
find that it arose in Itt-s ^Oj ^^^ retaining originally terms 

of the fourth order, but in ^ it arises from combining terms 

not exceeding the third order. If, therefore, we had rejected 
terms beyond the third order indiscriminately, the expression 

-75 would have contained this term, introduced by 7—3 , and 

in Ht would have been raised to the second order, and there- 
fore formed an important part of its value instead of disappear- 
ing altogether from the expression. Hence the necessity for 

T 
retaining such terms of the fourth order in 75-3 . 
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['H-|e" + §A* + m''-2e caa(c0-«) 

- V "I* COS {(2 - 2m) e - 2/3} 

- V''»ecoB{(2-2j«-c)fl-2/9 + al 



(l+^e" + g^ + m') = 



therefore p = ka.'[l 



J4"- 



■) to the third order; 



therefore, multigjymg by p and integrating, we get, still to 

the second order, 

0=B-2e6m{cB-ti) + l^6m2{ce-a) 1 

K+ii'Bin2(^0-7) 
-^m''e.m{{2-2m)e-20] ...0„ 

~^jne&m{{2-2m-c)e-i0 + a.}\ 

no constant is added, the time being reckoned from the 
instant when the mean value of 6 vanishes, for the reasons 
explained in Art. (34). 



51. The preceding equations J^, 8^, 0, give the reci- 
procal of the radius vector, the latitude and the time in 
terms of the true longitude ; but the principal object of the 
analytical investigations of the Lunar Theory being the 
formation of tables which give the coordinates of the moon 
at stated times, we must express u, s, and 6 in terms of t. 
To do this, we must reverse the series pt = $ — &c., and 
^^Aen substitute the value of 9 in the expressions for u and s, 
^^KKow 6=pt + 2e mi{eO~a) to the first order 
^^H =pt+26 8iii(c^ — a) ■ 
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...0',. 



therefore c^- a = qp^— a + 2e sm(qp^— a) to the first order, 
2e sin {c0 — a) = 26 {sin {cpt — a) + 2e sin(^^ — a) cos{cpt — a)} 

to the second order, 
= 26 8in(g>^ — a)+2e" 8in2 (cp^ — a) ; 

and as and j>t di£fer by a quantity of the first order, they 
may be used indiscriminately in terms of the second oij^r; 
therefore 

0=pt-\-2eaia{cpt'-a)+^^ sin2 {cpt- a) 

— ^I^ Bin2{ffj>t'-y) 
+ V w" Bin {(2 - 2m) pt - 2^8} 
+ i^7?iesm{(2-2m-c)^«-2i8-fa} 

— 3me' &m{mpt + ^ — {) 

52. In the value of u given in Art. (48), substitute pt for 
in terms of the second order, and pt + 2e sin(g?^- a) in the 
term of the first order ; then 

1— l^"— ^*— e"+e cos(g>^— a) + e" cos2(cpf — a) 

— JA* cos2 (gpt—y) 
+ m^ C0B{{2-2m) pt-2fi} I 

+ ^mecoB{{2'-2m'-c)pt-2l3+a}\ 

the other terms in the value of t^ in Art. (48), which were 
there retained only for the sake of subsequently finding f, 
being of the third order, are here omitted. 

53. Similarly, the expression for a becomes 
»ssk Bm{{gpt^y) + 2e sin(cpf — a)} 

+ fmA;sm{(2-2w-^)jp«-'2^-f7}; 
sin(gp«-7) 

+ e sin{{g + c)pt'^a-y} 

— 6 Bm{{ff — c)pt + a — y] 

+ |wsin{(2-2m-5p)^«-2i8 + 7}^ 



u^a 






or 



8 = Je 






.8,'. 
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The ezpression for s is more complex in this fonn than when 
^ven in tcmiB of the Irue longitude 0. 

54. If P be the moon's mean parallax, and H the parallax 
at the time f, 



distance of]) 



V(l + 



Jut 



— fla [1 — ^/^4 ^k* cob2 (s[P* — 7}} to the second order, 
[1 — i*- Jra.'-e*+e co8(cpi — a) + e' cos2(cp( — a) 
= Iial +m' cos{(2-27«)^(-2j9j 

+ ^mems{{2- 2m- c)pt-2^+CL}; 
it P=the portion which is independent of periodical terms, 
= Ea{l-J^-im'-e'); 

1 + e cos {cpt - a) + e' cos2 (cpt — a) 
therefore 11 = P + ™' cos [(2 - 2m) pt - 2y9) 

+ Vwe cos [(2 - 2ni - c) ^ - 2/9 + a} 
neglecting terms of the third order. 

55. Here we terminate our approximations to the values 
of w, s, and 8, If we wished to cany them to the third 
order, it would be necessary to include some terms of the 
fourth and fifth orders according to Art. (29), and the ap- 
proximate values of P, T, and S, given in Art. (23), would 
no longer be sufficiently accurate, but we should have to 
recur to the exact values, and from them obtain terms of 
1 order beyond those already employed. 

If this be done, it is found that 

^"{'+ -ifc|-'r°»(«-«-) }. 

T ,E-M ,a 




'e-tM 



ff).. 
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These terms of tbe fourth order become of the third order u 
the value of u, and therefore also of (, the coefBdent of $ 
being near unity. 

We shall see further on (Appendix, Art. 97), to whit 
purpose a knowledge of the existence of theee tonaa bu 
been applied. 

56. The process followed In the preceding pages is a 
sufficient clue to what must he done for a higher approxi- 
mation. 

The coordinates w' and 6' of the son's position are, by 
the theory of elliptic motion, known in terms of the time (, 
and ( is given in terms of the longitude by the equation 
0|. Hence u and 0' can be obtained in terms of ; but 
it will be necessary to take Into account the slow progres- 
aive motion of the sun's perigee, which we have hitherto 
neglected. This will he done by writing c'S'—^ for 0' — ^, 
c' being a quantity which differs very little from unity,* 

These values of u, 6', together with those of u and s in 
terms of 0, as given by U^ and S^, are then to be sabstitnted 
in the corrected values of the forces, and thence in the 



■ 'En Tefl6chuBaTit but leB tennes que doivcnt introduire toutes les 

■ quftntites precSdentes, on voit qu'i! se peut glisaer defl cosmuB de Tangle 

■ dont nouB avons vu le dangeieux cffet d'tuaener dans la yalcur de u dee 
'arcs au Hfu dc luius cosinus ; dc tels tenaOB viendront, pai eKGniple, de 
'la combinaiBOn dea cDsintiB de (I —m^S avec des cOBinuB de nC 

' Pour eyiter cet inoonTenicnt qui Slerait tl U solution prficf'dcnte 

* I'aTantagc de convenir a uc aussi grand nombre de i6volutionB qu'on vou- 
> dioit, et la priveiait de la aimpUcitf et de ruiuTeraalite Bi preoieuaes en 
' math^matiques, il faut commencer par en cheichcr la cause. Or, on it- 
' couvre facilement que ces tcnneB ne viennent que de ce qu'on a suppose 
' fixe I'apogie du aolcil. ce qui n'sst pas penniB en toutc rigueut, puisque 
' quclque petite que soit sur cet astre Taction de la lune, elle n'eii cat pas 
'moina rfielle et doit lui prodniro un mouvpment d'apogfio quoique tr6» 
' lent H la vSritc.' Clatraut, T/imrte tie la Lune, p. 55, 2me Edition. 
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differential equations. The integrations being performed as 
before will give the values of m, », and t in terms of to the 
third order, and from these, as in Arts. (51), (52), and (53), 
maj be obtained t^, «, and 6 in terms of t. 

57. More approximate values of c and g are obtained at 
the same time, by means of the coefficients of cos[c0 — a) and 
sin (^0 — 7) in the differential equations, (see Appendix, Arts. 
94 and 95). 

58. The values to the fourth order are then obtained 
from those of the third by continuing the same process, and 
so on to the fifth and higher orders ; but the calculations are 
so complex that the approximations have not been carried 
beyond the fifth order, and already the value of in terms 
of t contains 128 periodical terms, without including those 
due to the disturbances produced by the planets. The coeffi- 
cients of these periodical terms are functions of m, 6, e\ — , 

c, ffj i, and are themselves very complicated under their 
literal forms : that of the term whose argument is twice the 
difference of the longitude of the sun and moon, for instance, 
is itself composed of 46 terms, combinations of the preceding 
constants. 

See Pont^coulant, Sysi^ne du Monde^ tom. IV. p. 572. 
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CHAPTER V. 

NUMERICAL VALUES OP THE COEFFICIENTS. 

69. Having thus, from theory, obtained the form of the 
developments of the coordinates of the moon's position at 
any time, the next necessary step is the determination of the 
numerical values of the coefficients of the several terms. 

We here give three different methods which may be 
employed for that purpose, and these may, moreover, be 
combined according to circumstances. 

60. First method. By particular observations of the sun 
and moon (t.e. by observations made when they occupy 
particular and selected positions), and also by observa- 
tions separated by very long intervals, such, for instance, as 
ancient and modem eclipses, the values of the constants 
p, 9/2, a, )8, 7, ^, which enter into the argvmfienU^ and of the 
additional ones which enter into the coefficients of the terms 
in the previous developments, may be obtained with great 
accuracy, and by their means, the coefficients themselves; 
c and g being also known in terms of the other constants. 

These may properly be called the theoretical values of the 
coefficients, the only recourse to observation being for the 
determination of the numerical values of the elements. 

61. Second method. Let the constants which enter into 
the arguments be determined as in the first metiiod ; and let 
a large number of observations be made, from each of which 
a value of the true longitude, latitude, or parallax is ob- 
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tained, together with the correeponding value of ( reckoned 
from the fixed epoch when the mean longitude is zero. Let 
these corresponding values be substituted in the equations, 
each observation thus giving rise to a relation between the 
unknown constant coefficients. 

A very great number of equations being thus obtained, 
they are then, by the method of least squares or some ana- 
logous process, reduced to as many as there are coefficients 
to be determined. The solution of these simple equations 
will give the required values. 

This method, however, would scarcely be practicable in 
a high order of approximation. For instance, in the fifth 
order, as stated in Art. (58), each of the numerous equations 
would consist of 130 terms, and these would have to be re- 
duced to 129 equations of 130 terms each. 

62. Third method. When the constants which enter into 
the argiunents have been determined by the first method, we 
may obtain any one of the coefficients independently of all 
the others by the following process, provided the number of 
observations be very great. 

Let the form of the fiinction be 

V^ A + S amO + C sin^ + &c., 
and let it be required to determine the constants A, B, C, &c. 
separately; 0, <f), &c. being functions of the time. 

Let the results of a great number of observations corre- 
sponding to values 0„ 0^, ff„ &c., ^„ ^j, ip^, &c., be F,, V^, I^, 



&c.: 



that 



L 



F, =^ + B sinff, + C sin*, +&C., 
V^ = A + Bsm0, + Ga,m<f>^ + &c., 
V^ = A^B &me^+C ain^.H- &c., 

V^,^A+B sin e^^C Bin0. ■!- &c. 
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Now, n being very greaJb^ we may assiune that the stim of 
the positive values of each periodical term will be about 
counterbalanced bj the sum of its negative values ; and there- 
fore, that if we add all the equations together these tenns 
will disappear ; 

therefore A = — ^ ^ — mi:: « ^ 



n 



which determines the non*periodic part of the function. 

To determine B. Let the observations be divided into 
two sets separating the positive and negative values of sin 0; 
then the other periodical terms,. not having the same period, 
may be considered as cancelling themselves in adding up the 
terms of each set. Let there be r terms in the first set 

and B terms in the second, and let F', F", F*" be the 

values of F corresponding to positive values of sind, which 
values we may assume to be uniformly distributed from 

sinO to siuTT, and therefore to be sinSd, sin28d, sinr.Sd, 

where r.8^ = 7r. 

And, again, let F^, F^,, F^^^, F,, be the values of F 

corresponding to the negative values of sind, viz.; sin(— A^), 
sin(— 2A^), sin(- s.Ad)^ where 8.A0 = 7r. Then, 



V ^A+BsinSe 4-Osinf +..., 
F" = ^ + ^sin2.8^+(7sinf' + ..., 

therefore 

V'+V"+ ...+V'=r.A + £S,' {sine) 



therefore 

r+F"+...+F' 



B0 



= A + 



— I 8inp. 
irj„ 



d6 



= ^ + 



25 



IT 



F„ = ^- £ 8in2.A^+ C 8ui«^„ + 

r, = ^ - -B 8in«. A^ + <7 8m«^, + 
therefore 

f; + r„ + ... + v,^8.A-B^; (si 

therefore 

-' — " '—A I sine 

25 



8 



= A^ 



IT 
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therefore 5= J (^■^V'-^'-V . JM^^llliS) . 

and In a similar manner may each of the coefficients be 
independentlj determined.* 

For further remarks on this method, see Appendix, Art. 
(104). 



* If r and s are not sufficiently great to allow us to substitute 
r * smOdO for S^* sin^.^, we must proceed as follows: 

r'+V"-¥ + r''=r^ + -B(sini^+8in2i^+ 4sinr*^) 

_^_^^^ BmHr^-l)i0fAnirJ0 

sinj^^ 



rA^B^ 



cosj^^ 



sin^i^* 



a' 



. 2B * f* 

'^ 1- 1 ^ 

Smularly, ' ' ^ -•=^-- (1-1S7); 

therefore 

B ^ / r-+r^^4- H-T" r,+ F;,+ -fFA 
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PHYSICAL INTEKPBETATION. 



63. The solution of the problem which is the object of 
the Lunar Theory may now be considered as effected ; that 
is, we have obtained equations which enable us to assign 
the moon's position in the heavens at any given time to 
the second order of approximation ; we have explained how 
the numerical values of the coefficients in these equations 
may be determined from observation; and we have, more- 
over, shewn how to proceed in order to obtain a higher 
approximation.* 

It will, however, be interesting to discuss the results we 
have arrived at, to see whether they will enable us to form 
some idea of the nature of the moon's complex motion, and 
also whether they will explain those inequalities or departures 
from uniform circular motion which ancient astronomers had 
observed, but which, until the time of Newton, were so 
many unconnected phenomena, or, at least, had only such 
arbitrary connexions as the astronomers chose to assign, by 
grafting one eccentric or epicycle on another as each newly 
discovered inequality seemed to render it necessary. 



* The means of taking into account the ellipsoidal figure of the earth 
and the disturbances produced by the planets, are too complex to form 
^art of an introductory treatise. For information on these points reference 
may be made to Airy's Figwe of the Earth. Pontecoulant's SytthM du 
Monde, vol. iv. 
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tt IB trne that our expressions, composed of periodic 
terms, are nothing more than traDsktlons into analytical 
language of the epicycles of the aucienta ;* but they are 
evolved directly from the fundamental laws of force and 
motion, and aa many new terms aa we please may be ob- 
tained by carrying on the same process ; whereas the epicycles 
of Hipparchus and his followers were the result of numerous 
and laborious observations and comparisons of observations ; 
each epicycle being introduced to correct its predecessor 
when this one was found inadequate to give the position 
of the body at all times: just as with us, the terms of the 
second order correct the rough results given by those of 
the first ; the terms of the third order correct those of the 
second, and so on. But it is impossible to conceive that 
observation alone could have detected all those minute ir- 
regularities which theory makes known to us in the terms 
of the third and higher orders, even supposing our instrumenta 
far more perfect than they are; and it will always bo a 
subject of admiration and surprise, that Tyeho, Kepler, and 
their predecessors should have been able to jiel their way 
so far among the Lunar inequalities, with the means of 
observation they possessed. 

»LOKOITUCE OF THE MOON. 
64. We shall firstly diseuss the expression for the moon's 
longitude, as found Art. (51). 

6=j)t + 2e sin((^(— o) + Je* Kn2(gjt — o) 

t + ^me sin{(2 - 2m — c)pt- 2^ + a] 

+ y m' sin {[2 - 2m) pt-2^] 
— Zme' sin {mpt + j8 — f ) 
-i^ain2(gp(--y). 



* See Whewell's Hislorg of the Inductive Sciencea, 
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The mean value of va pt] and in order to jndge of the 
effect of any of the small terms, we may consider them 
one at a time as a correction on this mean value pt^ or 
we may select a combination of two or more to form this 
correction. 

We shall have instances of combinations in explaining 
the elliptic inequality and the evectum^ Arts. (66) and (70) ; 
but in the remaining inequalities eadi term of the expression 

will form a correction to be considered by itself. 

« 

65. Neglecting all the periodical terms, tfc have 

ae 

which indicates uniform angular velocity; and as, to the 
same' order, the value of t^ is constant, the two together 
indicate that the moon moves uniformly in a circle^ the 

period of a revolution being — , which is, therefore, the 

expression for a mean sidereal month, or about 27| days.* 
The value of^ is, according to Art. (50), given by 

and as m is due to the disturbing action of the sun, we see 
that the mean angular velocity is less, and therefore the mean 
periodic time greater than if there were no disturbance. 

Elliptic inequality or Equation of the Centre. 

66. We shall next consider the effect of the first three 
terms together : the effect of the second alone, as a correction 
oipt^ will be discussed in the Historical Chapter, Art. (109). 

* The accurate value was 27d. 71i. 43m. 11*2618. in the year 1801. See 
Art. (99). 
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9—pt-^^e 8in(cp( — a) + ^e" sin2((!p( — a), 
which may be written 

e =pt->r2e&\D.[pt-[a->r{\-c) pl]] + \^ i:m2{pt~[a.+ [\-c)pt]\. 
But the connexion between the longitude and the time in 
an ellipse described about a centre of force in the focus, is, 
Art. (13), to the second order of small quantities : 

ff = n(+2esin(n(-a') + fe' 8in2(ii(- a'), 
where n is the mean motion, e the eccentricity, and a' the 
longitude of the apse.* 

Hence, the terms we are now considering indicate motion 
in an ellipse ; the mean motion being p the eccentricity c, 
and the longitude of the apse a + (1 — c) jj( ; that is, the 
apse has a progressive motion in longitude, uniform, and 
equal to [l — c) p. 

67. The two terma 2e Bin(cp( — a) + fe'' 8iii2 [cpt — 



r effect may be further 



Btitute the elliptic inequality^ and thci 
illustrated by means of a diagram. 

Let the fuU line AMB re- 
present the raoon'a orbit about 
the earth E^ when the time ( 
commences, that is, when the 
moon's mean place is In the prime 
radius ET from which the lon- 
gitudes are reckoned. 

The angle TEA, the longi- 
tude of the apse, is then a. At the time t, when the moon's 
mean longitude is TEM—pt, the apse line will have moved 
in the same direction through the angle AEA' = (l—c) TEMy 




* The epoch • nhich appears in Hie expreuion of Art. (13) is here 
omitcud ; a propcT HBHumption far the ongin of t, bb explsined in Art. (31), 
enabling as to UTOid the i. 
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and the orbit will have taken the position indicated by the 
dotted ellipse ; and the true place of the moon in this orbit, 
so far as these two terms are concerned, will be m^ where 

MEm = 2e sin(cp^- a) + f e* sin2 [cpt — a) 

= 2esin^'^if + f e* sin2^'^if 

= 2e sin^'^if (1 + fe co^AEM) ; 

which, since e is about 3^, is positive from perigee to apogee, 
and therefore the true place before the rnean; and the 
contrary from apogee to perigee : at the apses the places 
will coincide. 

68. The angular velocity of the apse is (1 — c) p^ or, if 
for c we put the value found in Art. (48), the velocity will 
be fw*jp. Hence, while the moon describes 360**, the apse 
shoidd describe |m*.360**= If** nearly, m being about ■^. 

But Hipparchus had found, and all modem observations 
confirm his result, that the motion of the apse is about 3*" in 
each revolution of the moon. See Art. (112). 

This difference arises from our value of c not being repre- 
sented with sufficient accuracy by 1 — f w*. 

Newton himself was aware of this apparent discrepancy 
between his theory and observation, and we are led, by his 
own expressions (Scholium to Prop. 35, lib. ill. in the first 
edition of the Pnndpia)^ to conclude that he had got over 
the difficulty. This is rendered highly probable when we 
consider that he had solved a somewhat similar problem 
in the case of the node ; but he has nowhere given a state- 
ment of his method : and Clairaut, to whom we are indebted 
for the solution, was on the point of publishing a new hy- 
pothesis of the laws of attraction, in order to account for 
it, when it occurred to him to carry the approximations to 
the third order, and he found the next term in the value 
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of c nearly as considerable as the one already obtained. See 
Appendix, Art. (94). 

.-. (1 - c) 360** = (1 + /^) (value found previously) 

= 2f ** nearly, 

thus reconciling theory and observation, and removing what 
had proved a great stumbling-block in the way of all as- 
tronomers.* 

When the value of c is carried to higher orders of ap- 
proximation, the most perfect agreement is obtained. 

The motion of the apse line is considered by Newton 
in his Pnncipiaj lib. I., Prop. 66, Cor. 7. 

JEvection. 

69. The next term + ^me sin{(2 - 2w - c) j?« - 2/3 + a)} 
in the value of has been named the Evection. We shall 
consider its effect in two different ways. 

Firstly, by itself, as forming a correction on pt. 

0=zpt+^7nesm{{2- 2w-c) j?«-2/3 + a}. 

Let D = pt = moon's mean longitude at time t^ 

0= mpt + l3 =sun's , 

a' = (l — c)^^H-a = mean longitude of apse , 

then 

e ^pt + ^me sin [2 {pt - [mpt + /3)} - {pt - (l-c)j?e+a}] 

=p«+ V^e sin{2 ( ]) - O) - ( }) - a')}. 

The effect of this term will therefore be as follows : 

In syzygies 

O^pt-'^me 8in(])-a'); 



• See Dr. Whewell's Bridgewater Treatise. 
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or the true place of the moon will be before or behind the 
mean, according as the moon, at the same time, is between 
apogee and perigee or between perigee and apogee. 
In quadratm'es 

and the circumstances will be exactly reversed. 

In both cases, the correction will vanish when the apse 
happens to be in syzygy or quadrature at the same time 
as the moon. 

In intermediate positions, the nature of the correction is 
more complex, but it will always vanish when the sun is 
at the middle point between the moon and the apse, or 

when distant 90° or 180° from it; for if O = ^~^-r.90°, 

where r = 0, ± 1, or 2, 

sin[2(})-0)-(D-a)] = sin(D + a'-20) 

= sin r. 180° 
= 0. 

70. The other and more usual method of considering 
the effect of this term is in combination with the two terms 
of the elliptic inequality, as follows : 

To determine the change in the position of the apse and in 
the eccentricity of the moorCs orbit prodvjced hy the evection. 

Taking the elliptic inequality and the evection together, 
we have 

=pt + 2e sin {cpt — a) H- fa* sin 2 {cpt — a) 

+ ^me sin{(2 - 2w - c) ^« - 2y9 + a}. 

Let a be the longitude of the apse at time t on supposition 
of uniform progression, 

sun : 
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whence a' = (l--c)j?<H-a, 

= mpt H- /8. 
And the above may be written 

=^^ -f. 2e sin {cpt — a) 4- \^ sin2 {cpt — a] 

+ ^me sin {cp^ - a H- 2 (a'— ©)}; 
and the second and fourth terms may be combined into one,"* 

if ^cosS = e+.y*«iecos2(a'- o), 

E sinS = ^me sm2 (a' - 0) ; 

, X ^ ¥^ sin2(a'-o) 

whence tan 5 = -T-rh TTT' — :T\ ? 

1 + ^m cos2 (a — 0) ' 

E'^e^ [I H- ^m cos2 (a' - 0)f4-6' [^m sin2 (a'- 0)f ; 
or, approximately, 

8= V^'^sin2(a'-0), 

E=^ e{l + ^m C082 (a - ©)}. 

The term J^* sin2 (cp< — a) will, therefore, to the second 
order, be expressed by 

fJ?^sin2(cp«-a + 8), 

and the longitude becomes 

e=p + 2E 8in(cp«- a + 8) + f JP* sin2 (cp^-a H- 8), 

or e=^« + 2^8in(;?«-a' + S) + f^'sin2(j?«-a' + S); 

but the last two terms constitute elliptic inequality in an orbit 
whose eccentricity is E and longitude of the apse a' - 8 ; 
therefore the evection, taken in conjunction with elliptic in- 
equality, has the effect of rendering the eccentricity of the 
moon's orbit variable, increasing it by ^me when the apse- 
line is in BjzjgYj and diminishing it by the same quantity 
when the apse-line is in quadrature; the general expression 
for the increment being ^me cos 2 (a'— 0}. 
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And another effect of this term is, to diminish the lon- 
gitude of the apse, calculated on the supposition of its uniform 
progression, by the quantity S=^msm2{a' —(D)] so that 
the apse is behind its mean place from Bjzygy to quad- 
rature, and before it from quadratore to syzygy * 

The cycle of these changes will evidently be completed 
in the period of half a revolution of the sun with respect 
to the apse^ or in about i^ of a year. 

71. The period of the evection itself, considered indepen- 
dently of its effect on the orbit, is the time in which the 
argument (2 — 2m — c) ^^ — 2/8 + a will increase by 27r. 

Therefore period of evection 

_ 27r _ mean sidereal month 

(2 — 2m — c)p 2 — 2m — c 

__ mean sidereal month _ 27^ days , 

= 31^ days, nearly .f 

Newton has considered the evection, so far as it arises 
from the central disturbing force, in Prop. 66, Cor. 9 of 
the Prindpia. 

Variation, 

72. To explain the physical meaning of the term 

V«^' sin {(2 - 2m) pt - 2/8}, 



* The change of eccentricity and the yariation in the motion of the apse 
follow the same law as the abscissa and ordinate of an ellipse referred to 
its centre : for if £ — 6 = a; and ^ = ^t then 



t The acurate value is 31.8119 days. 
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in ike ea^ession for the moon's longitude. 

e =pt+ V^* sin {(2 - 2m) pt - 2/8}. 

Let ]) represent the moon's mean longitude at time f, 

O sun's 

therefore D =^pt^ 

(D=mpt + fi] 

and the value of becomes 

=pt+ V^* sin2 ( 5 - O), 

which shews that from ^jzjgy to quadrature, the moon's 
true place is before the mean, and behind it from quad- 
rature to syzygy; the maximum difference being ^w^ in 
the octants. 

The angular velocity of the moon, so far as this term 
is concerned, is 

-j=p-^H (l-H w*i> C0S2 ( }) - O), 

—P {1 + V^^ ^s2 ( ]) - o)}, nearly, 

which exceeds the mean angular velocity p at syzygies, is 
equal to it in the octants, and les^ in the quadratures. 

This inequality has been called the Variation^ its period 
is the time in which the argument (2 — 2w)^<— 2/8 will 

increase by 2ir ; 

. J - . ^. 2ir mean synodical month 
.*. period of variation = ,- — — ^r — = 

^ (2 - 2m) p ^ 2 

= 14f days, nearly.* 

73. The quantity y m* is only the first term of an endless 
series which constitutes the coefficient of the variation, the 
other terms being obtained by carrying the approximation 

* The accurate yalue is 14.765294 days. 
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to a higher order. It is then found that the next term in 
the coefficient is ffw*', which is about ^ of the first term; 
and as there are several other important terms, it is only 
by carrying the approximation to a higher ord^r (the 5th 
at least) that the value of this coefficient can be obtained 
with sufficient accuracy from theory. In fact, y w" would 
give a coefficient of 28' 32" only ; whereas the accurate value 
is found to be 39' 30". 

The same remark applies also to the coefficients of all 
the other terms. 

74. As far as terms of the second order, the coefficient 
of the variation is independent of e the eccentricity, and Jc 
the inclination of the orbit. It would therefore be the same 
in an orbit originally circular, whose plane coincided with 
the plane of the ecliptic: it is thus that Newton has con- 
sidered it. Prindp. Prop. 66, Cor. 3, 4, and 5. 

Anrmal JEqtuition. 

75. To eocplain the physical meaning of the term 

— 3me' A£L{mpt + /8 — ?) 
in the eoiypreasionfor the moorCs longitude, 
O^pt—^me' sin(?wp< + )8 — f), 

^pt'-Sms' sin (longitude of sun - longitude of sun's perigee), 

=pt- Sme' sin (sun's anomaly). 

Hence, while the sun moves from perigee to apogee, 
the true place of the moon will be behind the mean; and 
from apogee to perigee, before it. The period being an 
anomalistic year, the effect is called Annital Equation, 

Differentiating we get 

— =zp {1 — 3wV cos(sun's anomaly)}. 
at 
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Hence, so far as this inequality is concerned, the nioon's 
angular velocity is least when the sun is in perigee, that 
is cU present about the 1st of January, and greatest when 
the sun is in apogee, or about the 1st of July. 

The annua] equation is, to this order, independent of the 
eccentricity and inclination of the moon's orbit, and therefore, 
like the variation, would be the same in an orbit originally 
circular. Vide Newton, iVmctjpm, Prop. 66, Cor. 6. 

Reduction. 

76. Before considering the effect of the term 

-~sin2(ap«-7), 

which, as we shall see Art. (82), is very nearly equal to 
the difference between the longitude in the orbit and the 
longitude in the ecliptic, it will be convenient to examine 
the expression for the latitude of the moon, and to see how 
the motion of the node is connected with the value of ^. 

LATITUDE OF THE MOON. 

77. The expression found for the tangent of the latitude,* 
Art (49), is 

« = A;sin(^e-7) + |mi sin {(2 - 2w - (7) fl-2/8 + 7}. 

If we reject all small terms, we have 

« = 0, 

or the orbit of the moon coinciding with the ecliptic, which 
is a first rough approximation to its true position. 



* This expression for the tangent of the latitude is more convenient than 
that which gives it in terms of the mean longitude, Art. (53) on account of 
the less number of terms involved. See Pont6coulant, vol. iv., p. 630. 




72 LUNAR THEORY. 

78. Taking the first term of the expansion 

8=^h sin (^6 — 7), 
we may write it 

« = A8in[«-{7-((7-l)e}l. 

Let TNm be the ecliptic, N the 
moon's node when her true longitude 
is zero, and let M be the position _..-^='^rfe- 
of the moon at time t^ m her place 
referred to the ecliptic ; 

therefore TN=yj Tw = 6, tan Mm = 8. 

Take NN' = (.jr — l) ^ in a retrograde direction, and join 
MN' by an arc of great circle ; 

then siaN'm = tsaiMm cotMN'm^ 

or sin [fl - {7 - (5^ - 1) d}] = s cotMN'm ; 

which, compared with the value of s given above, shews that 
MN'm = tan"^A is constant, and therefore the term k mi[g0 — 7) 
indicates that the moon moves in an orbit inclined at an 
angle tan"^A to the ecliptic, and whose node regredes along 

the ecliptic with the velocity (^ — 1) -^7 or with a mean 

velocity [g — 1) p. 

79. Hence the period of a revolution of the nodes 
__ 27r _ one sidereal month 

but, from Art. (49), the value of ^ = 1 + f m* ; 

- ^ . 1 /. 1 .. /.J one sidereal month 
therefore penod of revolution ot nodes = r— 5 

= 6511 days, nearly. 

This will, for the same reason as in the case of the apse, 
Art. (68), be modified when we carry the approximation 
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to a higher degree ; this value of g is, however, much more 
accurate than the corresponding value of c, for the third 
term of g is small ; the value to the third order being (see 
Appendix, Art. 95) 

, ^, . J /. 1 .. n^^_ J one sidereal month 

and the period of revolution of the nodes = 5—57:; — r^r — 

^ fm(l — fm) 

= 6705 days, nearly. 

This is not far from the accurate value as given by ob- 
servation, and when the approximation to the value of g 
is carried to a higher order, the agreement is nearly perfect. 

The true value is 6793*39 days, that is about 18 yrs., 7 mo. 



Evection in Latitude. 

80. To explain the variation of the inclination and the ir- 
regularity in the motion of the node eixpressed hy the term 

+ §mi sm {(2 - 2w - ^r) 0-2)9+7}. 

This term, as a correction on the preceding, is analogous 
to the evection as a correction on the elliptic inequality. 
Taking the two terms together, 

s = h mi[gd -'^) + %mh ^m{{2-2m-g) ^-2)S + 7}. 
Let }) = longitude of moon = 0, 

= sun =7nO + )S, 

9> = node =7- (^r- 1) ^; 

therefore « = A sm(})- 9>)^^h sin{})- g^ -2(0 - Q,)]. 
Now these two terms may be combined into one 
« = irsin(})-.a-8), 
if Kco^h = k-\- ^mk cos2(0— S^), 
^sinS= Imk sin2(0 - S^), 



74 LUNAR THEORY. 

whence tanS=— 7-r 7:7— — ^rr , 

or approximately, 

8 = |w8m2(o-ft), 

Z"= A {1 + §w co82(0 - a)} ; 

but the equation 

« = irsm(])-a-S) 

repre8ent8 motion In an orbit inclined at an angle tan"^-K^ to 
the ecliptic, and the longitude of whose node is §^ + S. 

This term has therefore the following effects : 

Ist. The inclination of the moon's orbit is variable, its 
tangent increases by ^mk when the nodes are in syzygies, 
and decreases by the same quantity when they are in 
quadrature; the general expression for the increase being 
^mk cos2(o — S^). 

2nd. The longitude of the node, calculated on supposition 
of a uniform regression, is increased by S = fm sin2(0 — S^), 
so that the node is before its mean place while moving from 
syzygy to quadrature and behind it from quadrature to 
syzygy. Fnncipiaj book iii., props. 33 and 35. 

The cycle of these changes will be completed in the 
period of half a revolution of the sun with respect to the 
node, that is, in 1 73*21 days, not quite half-a-year. 

81. The tangent of the latitude has here been obtained; 

if we wish to have the latitude itself it will be given by the 

formula ♦ 

latitude = « - J/ + ^/ — &c., 

which, to the degree of approximation adopted, will clearly 
be the same as a. 
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Reduction, 

82. We may now consider the term which we had neg- 
lected (Art. 76) in the expression for the longitude, namely, 

— \¥ sin2 [gpt — 7). 

Let N be the position of the node when the moon's 
longitude is 0^ M the place of the 
moon, m the place referred to the 
ecliptic. 

Therefore Tm = 0, 

Nm=g0 — yy 
tan^= k. 
The right-angled spherical triangle NMrn^giYe^ 

tan-ATwi 




therefore 



1 - COS J? " tan-A/3f- tan^m 
1 + cos^ ~ tan^ilf H- taniVwi ' 



5j -^ _ sin [NM— Nm) 
^^ "2 " sin (JV3f + Nm) ' 

or, since both N and NM— Nm are small, 

tan^iV^ NM- Nm . , , 

-~r-=-^i^2j^^pp^^^"^^^^^y5 

therefore NM- Nm = ^A* sin 2 {g0—y) = ^A:" sin 2 {gpt—y) , nearly. 

Hence this term, which is called the reduction^ is approxi- 
mately the difference between the longitude in the orbit and 
the longitude in the ecliptic. 
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Simaarly, ^ = ^ {l -^' ».(«-#)} ; 

therefore, the accelerating forces on the moon 
proximately 

-J^+™ (Jfff+ffS) indirection! 



and -^ 

whence P- (j^ + '-S,ME] cmMOW- =• WE 



(OW-i- BE) co»(«- «■) punOld to | 



8m' 



3mV 
" 2r" 



(l+co«2(e-9'))] 



Ii + 4C082(«-»')1, 
Jf^" 008(9-9') sin (»_«') 



.-j=^Bm2(«-fl') 
B - {-£^ + ^ JKe) Bin Jf ff Jf 

- f >■ J. «'''-V(i+«^ l » 
-l?Tn:?)+ <■• W(i+.') 

fl,_S__;L!!-!j| + |coa2 (9-91). 

24, The differential eqtiationB in Art. (20), when tfl 
values of the forces are aubstitnted in them, would c 
a new variable 9', hnt we shall find means to establisfl 
connexion between ;, 9, and 9*, which will enable i 
minate it. 

They will, however, be still iscapable of solution ei 
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EADIUB VECTOR. 



83. To explain the physical meaning of the terms in the 
value of u. 

We shall, for the explanation, make use of the formula 
which gives the value of w in terms of the true longitude, 
Art. (48). 

Firstly, neglecting the periodical terms, we have for the 

mean value 

w = a (1 - f A* — \rn^). 

The term —^w', which is a consequence of the disturbing 
effect of the sun, shews that the mean value of the moon's 
radios vector, and therefore the orbit itself, is larger than if 
there were no disturbance. 



Elliptic Inequality. 

84. To explain the effect of the term of the^r*^ order ^ 
u=^a{l + e cos(c^ — a)}. 



= a[l+e cos^-{a + (l-c)^}]. 

This is the elliptic inequality^ and indicates motion in an 
ellipse whose eccentricity is e and longitude of the apse 
a + (l — c) ^; and the same conclusion is drawn with respect 
to the motion of the apse as in Art. (66). 

Evection. 

85. To explain the physical meaning of the term 

V»iea cos {(2 - 2w - c) ^ ~ 2)S + a}. 

This, as in the case of the corresponding term in the longi- 
tude, is best considered in connexion with the elliptic in- 
equality, and exactly the same results will follow. 
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Thus calling J, ©, and a' the true longitudes of the moon, 
sun, and apse, the latter calculated on supposition of uniform 
motion, these two tenns may be written, 

w = a[l + ecos(l)--a') + ^wecos{l)-a' + 2(a'-0)}] 

= a[l + JS?cos(l)-a' + 8)]'; 

where -E cosS = e + ^me cos2 (a' — o), 

-B sInS = ^me sln2 (a' - 0). 

These are Identical with the equations of Art. (70). 

Variation. 

86. To eoDplain the effect of the term nfa cos {(2-2w) ^— 2j8}, 

t^ = a[l+m' cos{(2~2w)^-2)S}] 
= a [1 +m* cos2( }) - o)]. 

As far as this term Is coniaiemed, the moon's orbit would 
be an oval having Its longest diameter In quadratures and 
least In syzygles. Prmdpia^ lib. I., prop. 66, cor. 4. 

The ratio of the axes of the oval orbit will be 

T~ — a = §§ nearly, m being '0748. 
See Prinmpia^ lib. ill., prop. 28. 

Reduction. 

87. The last Important periodical term In the value of u Is 

- — cos2(5r^-7). 

This, when Increased by a constant^ is approximately the 
difference between the values of u In the orbit and In the 
ecliptic. 
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For if Wj be the reciprocal of the value of the radius 
vector in the orbit, 

• Wj = t* cos (latitude), 

therefore w — w^ = ^us^ = JoF sin'* (^0 — 7) 

= ^i» - ^aU" cos2 (^^ - 7) 
= const. — {ak^ cos 2 [ffO — 7). 

• 

88. The remaining terms in the value of u are of the 
third order, and therefore very small: one of these corre- 
sponds to the annual equation in longitude Art. (75), where 
it is of the second order, having increased in the course of 
integration. 

Periodic time of the Moon. 

89. We have seen. Art. (65), that the periodic time of 
the moon is greater than if there were no disturbing force ; 
but this refers to the mean periodic time estimated on an 
interval of a great number of years, so that the circular 
functions in the expression are then extremely small com- 
pared with the quantity pt which has uniformly increased. 

When, however, we consider only a few revolutions, these 
terms may not all be neglected. The elliptic inequality and 
the evection go through their values in about a month, the 
variation and reduction in about half-a-month ; their eflTects, 
therefore, on the length of the period can scarcely be con- 
sidered, as they will increase one portion and then decrease 
another of the same month. 

But the annual equation takes one year to go through its 
cycle, and, during this time, the moon has described thirteen 
revolutions; hence, fluctuations may, and, as we shall now 
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shew, do take place in the lengths of the sidereal months 
during the year. 

We have, considering only the annual. equation, Art. (75), 

pt=0 + Sme' &m{m0 + i8 - ?). 

Let T be the length of the period, then when is in- 
creased by 27r, t becomes t + T] 

therefore ^(«+r)=27r + ^ + 3W sin(27W7r + »i^ + )S~^), 
whence jp T= 27r + Qme sin wtt cos {mir + m0 + /8 — f ) ; 

therefore T= mean period H sinmTr cos (o — 5'), 

where =m^ + )8 + 7W7r = sun's longitude at the beginning 

of the month + m7r 

= Sim's longitude at the middle of the month. 

Hence T will be longest when o — {■= 0, 

and shortest when O — f = tt ; 

or Twill be longest when the sun at the middle of the month 
is in perigee, and shortest when in apogee ; but, at present, 
the sun is in perigee about the 1st of January, and apogee 
about the 1st of July ; therefore, owing to anmial eqtmtion^ 
the winter months will be longer than the summer months, 
the difference between a sidereal month in January and July, 
from this cause, being about 20 minutes. 

90. All the inequalities or equations, which our expres- 
sions contain, have thus received a physical interpretation. 
They were the only ones known before Newton had estab- 
lished his theory, but the necessity for such corrections was 
fully recognized, and the values of the coefficients had already 
been pretty accurately determined; still, with the exception 
of the reduction, which is geometrically necessary, they were 
corrections empirically made, and it was scarcely to be ex- 
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pected that any but the larger inequalities, viz. those of the 
first and second orders which we have here discussed, could 
be detected by observation: we find, however, that three 
others have, since Newton's time, been indicated by obser- 
vation before theory had explained their cause. These are— 
the secular cbcceleration^ discovered by Halley ; an inequaliiy, 
found by Mayer, in the longitude of the moon, and of which 
the longitude of the ascending node is the argument; and 
finally an inequality discovered by Blirg, which has only of 
late years obtained a solution. For a further account of 
these, as also of some other inequalities which theory has 
made known, see Appendix, Arts. (99), (100), (101), (102). 
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CHAPTER VII. 



APPENDIX. 



In this chapter will be found collected a few propositions 
intimately connected with the results or the processes of the 
Lunar Theory as explained in the previous pages. Refer- 
ence has been made to some of them in the course of the 
work, and the interest and importance of the others are 
sufficient to justify then- introduction here. 

91. The moon is retained in her orbit hy the force of 
gravity^ that w, hy the same force which acts on bodies at 
the surface of the earth. 

The proof of this is merely a numerical verification ; the 
data required from observation are, 

the space fallen through from rest in 1" by bodies at the 
earth's surface =16*1 feet, 

the radius of the earth =4000 miles, 

the periodic time of the moon =27^ days, 

the distance of the moon from the earth's centre=60x4000 miles. 

The force of the earth's attraction oc , ,. .g . Therefore, the 

space fallen through in 1" at distance of moon by a body 

16*1 
moving from rest under the earth's action = -r^ feet 

= -00447 feet, 
(i 
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27r 



But the moon in one second describes an an&:le ^,, ^, ^. « =<»i 

^ 27^.24.60* ' 

during which the approach to the earth 

= 60 X 4000 X 5280 (vers, o) feet 

_ 60 X 4000 X 5280.27r' ^ 

" (27i)^(24)^(60)* *^^* 

= -00448 feet. 

Therefore, the space through which the moon is deflected 
in one second from her straight path, is just the quantity 
through which she would fall towards the earth, supposing 
her to be subject to the earth's attraction, and we may, 
therefore, conclude that she is retained in her orbit by the 
force of gravity. 

When first Newton, in 1666, attempted to verify this 
result, he found a difierence between the two values equal 
to one-sixth of the less: the reason of his failure was the 
incorrect measures of the earth, which he made use of in 
his computation; and it was not till about 16 years later 
that he was led to the true result, by using the more 
correct value of the earth's radius obtained by Picart. 

Prirhdpia^ lib. III., prop. 4. 

92. The moovCs orbit is everywhere concave to the sun. 
Let ;S^ -B, and M be the centres of the sun, earth, and 
moon. We must bring the sim 
to rest by appljdng to each 

body forces equal and opposite "^^ Jf 

to those which act on the sun; but these are so small ttat 
we may neglect them and consider the moon as moving 
round the sun fixed, and disturbed by the earth alone. 

The forces on ilf are, therefore, -^^ in M8^ 

E 
and ^^ inME. 
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This last must be resolved Into two, one in M8^ the other 
perpendicular to it. 

Therefore, the whole central force on the moon In M8 

_ rri! E 

and the proposition will be proved if we shew that this force 
is always positive. 

r^ow, penod round sun = ji — = jv — nearly, 

and earth (= = ,^ — v:=^: 

therefore WP^^^'^lEM'' ^^^^^^^5 

therefore ^^ > y J^ -^^3 , 

m! i SM ^ E 

8M' ^ '^*^ EM' EM' ^ ^** EM""' 

therefore 'oiCn "" WW^ ^^ positive : 

but the least value of the central force coiTesponds to 

cosJlf=-l, and is then -rTm — -rrm* It is, therefore. 
' 8M* EM* ' ' 

always positive, or the path always concave to the sun. 

At new moon the force with which the moon tends to the 
sun is, therefore, greater than that with which she tends to 
the earth: the earth being Itself in motion in the same 
direction, and, at that Instant, with greater velocity, will 
easily explain how, notwithstanding this, the moon still 
revolves about it. 
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Central and Tangential Disturbing Forces. 

93. We have hitherto considered the effects of the central 
and tangential disturbing forces in combination; but it will 
be interesting to determine to which of them the several in- 
equalities principally owe their existence. 

(1) To determine the effect of the central disturbing fomae. 

Make T= : 

, ^ d^u F 

therefore -j^ -ft* — rr-^ = 0, 

d0* Kuf ' 

p 
or substituting for Tg— , from Art. (45), 



d^ 



w=a/ 



{ 1-f A^'-^m'-hf w*e cos(c^-a)-fm* cos{(2-2»i)^-2i8} 

^^u^a \ + f m*e cos {(2 - 2w - c) ^ - 2j8 + a} 

[ + \F C082 [gd-i)- f ?wV cos(?w^+)S-?) ; 

therefore, 

1 -fA^'-^w^+e C08(c^-a) +iw* COS {(2-2^)^-2)8} 

+ "5^7726 cos { (2 - 2 w - c) ^ - 2)S + a} 

-i^ cos2 {ge-i)-^m^e cos(m^+/3-?). 

If we compare this with the value of u found Art. (48), we 
see that the elliptic inequality, the reduction, and the annual 
equation are due to the central or radial force, as also one 
half of the variation and about a third of the evection. 

It would perhaps be proper to separate the absolute cen- 
tral force from the central disturbing force; the terms due 
to the latter are those which contain m ; therefore, the elliptic 
inequality and the reduction are the effects of the former, 
except that in the elliptic inequality the introduction of c, or 
the motion of the apse, is due to the disturbing force. 

(2) To determine the effect of the tangential disturbing force. 

Let the central disturbing force be zero ; 



TAGENTIAL DISTUBBING FORCE. 85 

Pa 
then Tj-2 = ~ (1 — \^) = a neglecting the inclination, 

ft u it 

T 
— = - |«i« Bin{(2 -2m) e- 2/3} 

+ Zrf?e sin {(2 - 2wt-^c) ^- 2j8 + a} 
omitting the term of the fourth order, 

u = a{l-\- e cos(c^ - a)} ; 

rp T 

therefore yj-g jZ = f w'«« cos {(2 - 27w - <j) ^ — 2/3 + a}, 

T 

Y-%d0 = \m^ C08{(2 - 2»i) ^-2^} 

- ^m^'e cos {(2 - 2wi - c) ^ - 2j8 + a}, 
-— + w = a to the first order. 

Substituting these values in the differential equation 
d% P T du ^(d^u 



/; 



dSi _ P T du fd^u \ f T 
ri - f w' cos {(2 - 2m) ^ - 2/3} . 



= a-^ 



I +2/w*6Cos{(2-2m-c)^-2/3 + a}; 
, _ (1 + ^ cos(c^ - a) + ^m" cos{(2 - 2w) ^ - 2^8} 

I +fJwecos{(2-2m-c)^-2/3 + a}. 

We have here the remaining half of the variation and rather 
more than two-thirds of the evection as the effects of the 
tangential disturbance. Also c = 1, or, to the second order, 
the tangential force has no effect on the motion of the apse* 

The inequalities in the longitude could be easily obtained 
from the relation 

dt ^ 1 

but they would lead to the very same conclusions as the 
discussion of the values of u. 



86 LUNAR THEOBT. 

To calculate the value off^to the third order, 

94. We must here make use of the results which the 
approximations to the second order have furnished ; but as 
the value of c is determined by that term of the diflferential 
equation whose argument is c0 — OLf we need only consider 
those terms which by their combmations will lead to it with- 
out rising to a higher order than the fourth. 

We shall simplify the arguments by omitting 0y Oj )3, 
which can easily be supplied by remarking that c0—a and 
m0-\-fi always enter as one symbol, c and m will therefore 
be sufficient to distinguish them. This only applies to the 
arguments. 

We have, Arts. (48), (23), 

u = a{l'\-e cos(c) -hm^ cos(2 — 2m) + ^weco8(2 — 2w — c)}, 
^, = a - K ^. (1 + 3 ^^8 (2 - 2w)l, 

From these, we obtain 

p 
Tr-a = a — i^*«(l + 3 cos(2- 2m)} {1 — 3e cos(c) 

+ — ^me cos(2 — 2r/i- c)} 

= a+^^ae cos(c) + ^^m^ae cose), 

T 

—-3 = - |«i^ sin (2 - 2m) {1 - 46 cos (c) - 4m* C08(2 - 2m) 

fl u 

— yme cos (2 — 2m — c)} 
= — |m* sin(2— 2m)+3m*e sin(2-2m— c) + ^m^e 8in(c), 

W S"^"^^" sin(2-2m)} {- ^mae sin(2-2m-c)} 

+ {3m'e sin (2 - 2m - c)} {- 2m*a sin (2 - 2m)} 
= ||mV cos(c), 
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the other term Is of the fifth order, 
r T 

j-^-idO — ^m* C08(2— 2m)— 3m*6 cos(2— 2m— c) — ^m^e cos(c), 



^/d\ 



rT^+MJ=2a{H-...-3m*co8(2-2m)+V^'^cos(2-2r/i-c)}; 

* 

(d*u \ f T 
^ + Mj j^nd0= - ^m^ae co3(c). 

Substituting In the equation for u, 



rf'M P T du^ ^fd'u 



-\-u = 






dB" " h^if AV dd 

= a{l + (fm*e+ x^ri^e-^^ide^- ^m\) cos(c)-+...} 

Assume M = a{l+e co8(c) +..*}; 

therefore ae (1 — c'*) = (f w*e + ^m^e) a ; 

therefore c = 1 — f?w* — ^m^ 



To find the value of g to the third order, 

95. This is to be obtained in a very similar manner from 

d*s 
the equation -j^ + « = &c. We shall, in the argument, write 

j9rfor^^-7. 

8 = k{Bm{g) + fm sin(2- 2w — ^)}, 

Ps—S SmV^ ,, . ^ ., 

-W=-^^tl+C08(2-2m)}, 

T 3m*a* • ,„ „ x 
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Whence 

:^^=-f7»%{l + cos(2-.2m)}{8m(5r) + Smsin(2-.2w-5r)} 

= -fm%(l-^m) sm{g)j 

da 

.^ = Aj cos (y) + fwA cos (2 - 2m - ^r) ; 

T da 
therefore ^s ^ = - iPsf^"* ^^^ {ff)i 

d*8 

-5^ + « — terms of the third order ; 

au 

therefore 2 f-™ + « J Itts dd = 0, to the fourth order. 

Now, _ + . = ._^-^^-2(^^ + .jj^.ie 

= - fm'A; (1 - ^m - ^m) sin{g). 
Assume « = A; sin (^) ; 

therefore 4(1-^') = — f m% + i^wi%, 

96. Hence, to the third order of approximation, 

mean motion of apse __ I — c __ f »i* + W^' _ B + 75m 
mean motion of node "" ^ — 1 "" f »i* — ^m* " 8 — 3w ' 

and since m = ^ nearly, we see that the moon's apse pro- 
gredes nearly twice as fast as the node regredes. 

In the case of one of Jupiter's satellites, m is extremely 
small, for the periodic time round Jupiter is only a few of 
our days, and the periodic time of Jupiter round the sun 
is 12 of our years, and therefore tw, the ratio of these periods, 
is very small. 

Hence, the apse of one of Jupiter's satellites progredes 
along Jupiter's ecliptic, with pretty nearly the same velocity 
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as the node regredes, assuniiiig these motions to be due to 
the sun's disturbing force; they are, however, principally 
due to the oblateness of the planet. 

Parallactic Inequality, 

97. In carrying on the approximations to a higher order. 
It Is found, as we stated Art. (55), that the expressions for 

7o-2 and 7«-s contain the terms — fwia ^^ — ^r ~ cosf^- ^J, 

and — |m* r= — p. — sln(^ — &) respectively. 

Since - = ^^^, nearly. Is of the second order, these terms 
a 

are of the fourth order, but the coefficient of being near 

unity, they will become important in u^ and therefore In ^, 

Art. (27). 

We can easily obtain the terms to which they give rise 

In the values of u and 5, 

^« = 4' + -K|^^cos{(1-^)^-^}], 

Tr-^= — ^^ -7^ — i>— sm (1— m) u-pu 

AV ^ E-\-M a ^^ ^ '^ 

M = a{l-e cos(cd — a) + }, 

-^ = 06 sln(c^ — a) ; 



d0 
therefore 

jT-g 3o = 0, to the fourth order, 
a u au 

-^ + w = a, to the second order, 

jm^'= +k|^^cos{(i-.)^-^}. 
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Substituting in the differential equation for u^ we get 

^ + w=a 1+ "^^ E^H^'^ cos{(l-m)^-^}+... . 

Assume tt=a 1-+ +A -^ — v^— cos{(l— w)^— )8}+... ; 

therefore • A = ^ — jf- rs = — \im : 

therefore w=a 1+ ''i^T^~~M~ cos{(l— 7w)^-)8}+... . 

98. The corresponding term in the value of will also 
be of the third order, 

1 1 r. 1.. E-Ma! ,,, M^ as 1 

^- = ^[1-*- +¥^;^:f^-cos((l-m)e-^} + J, 

Jf^-g rf5 is of the fourth order and will not rise in t\ 
therefore 

^=^[e+ + ¥^|^^'sin((l-m)^-^}+...], 

and = pt + — ^w-^r—^— sin{(l — «i)jp^— )8}-j-... 

This term, whose argument is the angular distance of the 
sun and moon, is called the parallactic inequality on account 
of its use in the determination of the sun^s parallax, to 
which purpose it was first applied by Mayer by comparing 
the analytical expression of this coefficient with its value 



• 



B»d 



SECCLA-K ACCEt-EUATIOX. 
deduced from observation. 



M' 



F pz - Vf being pretty accurately known, — 

will be determined, that is, the ratio of the sun's parallax 
to that of the moon : but the moon's parallax is well known ; 
therefore, also, that of the sun can be calculated. The value 
HO obtained for the sun's parallax ia 8'63221", while those 
given by the two last transits of Venue fall between 8'5" 
and 8-7"* 

K Secular Acceleration. 

" 99. Halley, by the comparison of ancient and mode™ 
eclipses, found that the moon's mean revolution is now per- 
formed in a shorter time than at the epoch of the recorded 
Chaldean and Babylonian eclipses. The explanation of this 
phenomenon, called the secular acceleration of the moon's ?nean 
molioii, WM for a long time unknown; it was at last satis- 
factorily given by Laplace. 

The value of p, Art. (50), on which the length of the 
mean period depends, is found, when the approximation is 
carried to a higher order, to contaip the quantity e' the 
eccentricity of the earth's orbit. Now, this eccentricity is 
undergoing a slow but continual change from the action of 
the planets, and therefore p, as deduced from observations 
made in diiFerent centuries, will have different values. 

The value of p is at present increasing, or the mean 
motion is being accelerated, and it will continue thus to in- 
crease for a period of immense, but not infinite duration; 
for, as shewn by Lagi-ange, the actions of the planets on 
16 eccentricity of the earth's orbit will be ultimately re- 



^^he e 



* Pont^ooiiltuit, Syitime du Monde, vol t 
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versed, d will cease to diminish and begin to increase, and 
consequently p will begin to decrease, and the secular mr 
C: hratixm will become a secular retardation. 

It is worthy of remark that the action of the planets on 
the moon, thus transmitted through the earth's orbit, is more 
considerable than their direct action. 

Inequalities depending on the Figure of the Earth. 

100. The earth, not being a perfect sphere, will not at- 
tract as if the whole of its mass were collected at its centre : 
hence, some correction must be introduced to take into ac- 
count this want of sphericity, and some relation must exist 
between the oblateness and the disturbance it produces. 
Laplace in examining its effect found that it satisfactorily 
explained the introduction of a term in the longitude of the 
moon, which Mayer had discovered by observation, and the 
argument of which is the true longitude of the moon's as- 
cending node. 

By a comparison of the observed and theoretical values 
of the coefficient of this term, we may determine the ob- 
lateness of the earth with as great accuracy as by actual 
measures on the surface. 

101. By pursuing his investigations, with reference to 
the oblateness, in the expression for the moon's latitude, 
Laplace found that it would there give rise to a term in 
which the argument was the true longitude of the moon. 

This term, which was unsuspected before, will also serve 
to determine the earth's oblateness, and the agreement with 
the result of the preceding is almost perfect, giving the 
compression ^i^,* which is about a mean between the dif- 
ferent values obtained by other methods. 

* Pont^coulanty Systdme du Monde, vol. iv. 
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Perturbations dtie to Venus. 



102. After the expression for the moon's longitude had 
been obtained by theory, it was found that there was still 
a slight deviation between her calculated and observed places, 
and Btirg, who discovered it by a discussion of the observa- 
tions of Lahire, Flamsteed, Bradley, and Maskelyne, thought 
it could be represented by an inequality whose period would 
be 184 years and coefficient 15". This was entirely con- 
jectural, and though several attempts were made, it was not 
accounted for by theory. 

About 1848, Professor Hansen, of Seeberg, in Gotha, 
Laving commenced a revision of the Lunar Theory, found 
two terms, which had hitherto been neglected, due to the 
action of Venus. One of them is direct and arises from 
a ^remarkable numerical relation between the anomalistic 
^motions of the moon and the sidereal motions of Venus 

* and the earth ; the other is an indirect effect of an inequality 

* of long period in the motions of Venus and the earth, 
^ which was discovered some years ago by the Astronomer 
' Royal.'* 

The periods of these two inequalities are extremely long, 
one being 273 and the other 239 years, and their coefficients 
are respectively 27*4" and 23*2". * These are considerable 

* quantities in comparison with some of the inequalities already 

* recognised in the moon's motion, and, when applied, they 
*are found to account for the chief, indeed the only re- 

* maining, empirical portion of the moon's motion in longitude 

* of any consequence ; so that their discovery may be con- 
^aidered as a practical completion of the Lunar Theory, 



* lieport to the Annual General Meeting of the Royal Astronomical 
Society, Feb. 11, 1848. 
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' at least for the present astronomical age, and as establishing 
' the entire dominion of the Newtonian Theory and its ana- 
* lytieal application over that refractory satellite.'* 

Motion of the Ecliptic. 

103. We have seen, Art. (14), that om* plane of reference 
is not a fixed plane, but its change of position is so slow 
that we have been able to neglect it, and it is only when 
the approximation is carried to a higher order, that the 
necessity arises for taking account of its motion. 

It has been found to have an angular velocity, about an 
axis in its own plane, of 48" in a century, and the correction 
thus introduced produces in the latitude of the moon a term 

— CO) cos(^ — ^), 

where to is the angular velocity of the ecliptic, - the angular 

c 

velocity with which the ascending node of the moon's orbit 

recedes from the instantaneous axis about which the ecliptic 

rotates, ^ the longitude of this axis at time ^, and 6 the 

longitude of the moon at the same instant. 




Let TAm be the position of the ecliptic at time «, 

A the point about which it is turning, TA = <i>y 
MN the moon's orbit, if the moon, and Mm a perpen- 
dicular to the ecliptic ; Tm = ; Mm = lat. — /3. 
i the inclination of the orbit, and N the longi- 
tude of the node. 

* Address of Sir John Herschel to the Meeting of the Hoyal Astro- 
nomical Society. 
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Let APN'm' be the ecliptic after a time tt 
Any point whose longitude is L may be considered as 
moving perpendicularly to the ecliptic with a velocity 

0) sin(i/ — ^). 

Hence, the point N will move in the direction NP with 
a velocity q> sin (-A/"— ^). And N' will move along PN" with 
a velocity o) sin(^— ^) cott ; 

dN 
therefore -7- = to sin (-AT— ^) cott. 

Again, the point of the ecliptic 90** in advance of N^ 
will move towards the moon's orbit with a velocity 

© sin (90 + ^-^); 

di 
therefore -^ = — o) cos (^ — ^) . 

Now, coti, 0), and ^ , ^ = — may be considered con- 

^.^■^„^,., 

therefore hN= cto cos (-AT— ^) cott, 

8t = CO) sin (-A/"— ^), 
and if NM= yp^^ we have 

dy = ^. = ; ; COS(^— 6). 

^ cost smt ^ ' 

Now, sin)8 = sint.sin'^; 

cos)9.S)9 = cost.sin-^.S* + sini.cos-^. S-^ 

= COD {cost smyjr sm{N—<l>) — co&yjr cos(^— ^)}, 

but cost.sin'^ = cos)8 mn{0—N) and cos'^ = cos)8cos(^— -N]: 

therefore 8/3== — cto cos {0 — ^). 

The discovery of this term is due to Professor Hansen ; 
its coefficient is extremely small, about- 1*5" ; but, being of 
a totally different nature from those due to successive ap- 
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proximations, it was thought desirable to examine it, and 
the above investigation, which was communicated to me by 
J. C. Adams, Esq.,* will be read with interest on account 
of its elegance. 

With respect to the foregoing investigation, perhaps the foUowing 

dy 

remarks ytjII not be superfluous: — ^The value of -rr- is not the actual 

velocity of N, but its velocity relatively to the position of the node 

as determined when the motion of the ecliptic is neglected ; its integral 

is therefore ^N the change of longitude, due to this motion, and in 

this integration no constant is added, zero being taken for the mean 

dN 
value. The periodic forms of both -j- and ^N shew that they oscillate 

about mean values, the time of a complete oscillation being that required 
by sin(iV-0) and cos(iV-0) to go through their cycle. This relative 
motion of the node is analogous to that of a particle moving in a straight 
line under the action of a force varying directly as the distance. 

Similar remarks apply to the inclination. 

It must also be borne in mind that the result obtained ^p is not 
the difference between the latitude referred to the actual ecliptic and 
that referred to a fixed plane ; but is the difference between the calcu- 
lated latitude referred to the actual ecliptic on supposition of its being 
fixed, and the correct latitude referred to the same actual ecliptic when 
its motion is taken into account. 

We may obtain an approximate value of the coefficient 

CO) by substituting for it — , where a is the number of seconds 

through which the ecliptic is deflected in one year = 0*48", 
and n is the number of years in which the node of the moon's 

orbit makes a complete revolution = 18*6 ; for then, — is 

the angle described by the node in one year; therefore, 



♦ Now Lowndean Professor of Astronomy in the University of Cam- 
bridge. 
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— IS the ratio or © : , , supposing 9 to remain con- 

stant, which is nearly the case ; therefore, 

na 9-3 X 0-48" , ,^„^ 

ca> = — = — —- = 1-42" * 

2w 3-14 



Note on the Numerical Vahies of the Coefficients. 

104. When the periods of two of the terms, in the third 
method given in Art. (62), differ but slightly, for instance if 
and <f> go through their periodic variations very nearly in 
the same time, the method could not then with safety be 
applied ; for, since the same values of and ^ would very 
nearly recur together during a longer time than that through 
which the observations would extend, the two terms would 
be so blended in the value of V that they would enter nearly 
as one term — the difference between and ^ would be very 
nearly the same at the end as at the beginning of the series 
of observations. 

105. Let us suppose the periods to be actually identical, 
so that ^ = d + a, a being some constant angle ; then 

-BsIn^-hGsin^ 

may be written (-B+ G cosa) sin5 + sina cos5, 

or F=J. + (jB-|-(7cosa) sin^+(7sina cos5+ 

If now we divide the observations, as before, into two 
sets, corresponding to the positive and negative values of 



* This affords the solution of a problem proposed in the Senate-House 
in the January Examination of 1852. Question 21 » Jan. 22. 

H 
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sin^, the terms involving cos0 wiU disappear in the som- 

mation of each set ; and following the process of the method 

will give 

jB+ (7 cosa = M suppose. 

Dividing again into two sets corresponding to the positive 
and negative -values of cos^, the terms in sind will be can- 
celled, and the same process wiU give 

G %\na = N suppose. 

Treating the observations in the same way with respect 
to the angle ^, we get two results, 

C+jBcosa = if', 

-J9sina = ^; 

from these four equations we easily get 

M'N+MN' M'N-\-MN' 

M^ Nj M\ NT are connected by the equation of condition, 

When the periods of 6 and <f> are nearly, but not exactly, 
the same, this equation of condition will not hold, and the 
preceding values of B and G would not be exactly correct, 
but yet they would be very approximate, especially if the 
mean between the two values of B be taken. 

106. We may also, after having taken one of these 
slightly erroneous values for jB, make a further correction 
by establishing as it were a counterbalancing error in the 
value of G. Let B' be the value so found for fi; then, from 
the V of each of the observations subtract the value B* sin 6^ 
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the result U will be very nearly equal to -4 + C sin^ -f &c., 
and from the n equations 

J7, = ^ + Csin^,+ 

?7, = ^-K7sm^,+ 

Cr=^ + (7sin^.+ , 

a value C of G will be obtained, by the rule of Art. (62), 
which will be very approximate, and, at the same time, 
agree better with B' in satisfying the equations than C 
itself would do. 

107. When two terms whose periods are nearly equal do 
occur, it is plain, by examining the values of M and M\ that 
the errors which would be committed by following the rule, 
without taking account of this peculiarity, would be the taking 
B-\-G cosa and (7+ J? cosa for B and respectively. 



^^ 
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CHAPTER Vm. 

HISTOEY OF THE LUNAR PROBLEM BEFORE NEWTOK. 

108. The idea which most probably suggested itself to 
the minds of those men who first considered the motion of 
the moon among the stars, was that this motion is uniform 
and circular about the earth as a centre. 

This first result is represented in our value of the longi- 
tude by neglecting all small terms and writing 6^pt. 

109. It must, however, have been very soon perceived 
that the actual motion is far from being so simple, and that 
the moon moves with very different velocities at different 
times. 

The earliest recorded attempts to take into account the 
irregularities of the moon's motion were made by Hipparchus, 
(140 B.C.) He imagined the moon to move with uniform 
velocity in a circle, of which the earth occupied, not the 
centre, but a point nearer to one side. By a similar hypo- 
thesis he had accounted for the irregularities in the sun's 
motion, and his success in this led him to apply it also to 
the moon. 

It is clear that, on this supposition, the moon would seem 
to move faster when nearest the earth or in perigee, and 
slower when in apogee, than at any other points of her 
orbit, and thus an apparent unequal motion would be pro- 
duced. 
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Let £AM be a circle, GA a radius, E a point m AO 
near 0; CB^ ED two parallel 
lines making an angle a with 
CA. 

Suppose a body M to de- 
scribe this circle uniformly with 
an angular velocity p, the time 
being reckoned from the instant 
when the body was at B^ and the 
longitude as seen from E being 
reckoned from the line ED ; 
therefore I)EM= 9, BCM=pt, 

AEM^e-a, ACM=pt-a. 

i repreaent it by e, 
we shall have 

= e ain(^- a) 

,Mif= '■■■°(p'-°) 

1 — e co8[^(— a) 
this would give M, and then 6 by the formula 6=pt + M, 

This was called an eccentric, and the value of e was called 
the eccentriciti/j which, for the moon, Hipparchus fixed at 



EC . 



-, imAEM 



110, Another method of considering the motion was by 
means of an epicycle, which led to the same result. 

A small circle PM, with a radius equal to EC of previous 
figure, has its centre in the circumference of the circle RPD 
(which has the same radius as that of the eccentric), and 
moves round E with the uniform angular velocity p, the 
the body M being carried in the circumference of the smaller 
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circle, the radius PM remaining parallel to itself, or, which 

is the same thmg, revolving 

from the radius PE with the 

same ang^ar velocity p^ so 

that the angle EPM equals 

PEA. 

Now, when the angle AEP 
equals the angle ACM of the 
former figure, it is easily seen 
that the two triangles EPM^ 
ECM are equal, and there- 
fore the distance EM and the angle AEM will be the same 
in both, that is, the two motions are identical. 

111. The value of e being small, we find, rejecting 6^, &c., 

Jlf=e sin(p^- a), 

therefore & ^pt + c sin [pt — a). 

If we reject terms of the second order in our expression 
for the longitude, and make c = 1, we get. Art. (51), 

=pt -\- 2e sin(^^ — a), 

which will be identical with the above if we suppose the 

eccentricity of the eccentric to be double that of the elliptic 

orbit. 

Ptolemy (A.D. 140) calculated the eccentricity of the 

moon^s orbit, and found for it the same value as Hipparchus, 

viz. 

sin5° 1' = -j^, nearly. 

The eccentricity in the eilliptic orbit is, we know, about ^. 
These values will pretty nearly reconcile the two values of 
given above, and this shews us, that for a few revolutions the 
moon may be considered as moving in an eccentric, and her 
positions in longitude calculated on this supposition will be 
correct to the first order. 
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Her distances from the earth will not however agree ; for 
the ratio of the calculated greatest and least distances would 

be — i^ or -i^i while that of the true ones would bo - — ^ 
1 — iV 1 — aV 

or f^, which differ by ^. 

It would, therefore, have required two different eccentries 
to account for the changes in the moon's longitude and in 
her radius vector. Changes in the latter could not, however, 
be casilv observed with the rude intruments the ancients 
possessed, and it was very long before thb inconsiBtency was 
detected. 

112. We have aaid that the moon's longitude, calculated 
on the hypothesis of an eccentric, will be pretty accurate for 
a, Jew revolutions. 

The data requisite for this calculation are, the mean 
angular motion of the moon, the position of the apogee, and 
the magnitude of the eccentricity, 

But it was known to Hipparchus and to the astronomers of 
his time, that the point of the moon's orbit where she seems 
to move slowest, is constantly changing its position among 
the stars. Now this point is the apogee of HIpparchus'a ec- 
centric, and he found that he could very conveniently take 
account of this further change by supposing the eccentric 
itself to have an angular motion about the earth in the same 
direction as the moon herself, so as to make a complete revo- 
lution in about nine years, or about 3° in each revolution.* 

This motion of the apsidal line follows also from our 
expression for the longitude, as shewn in Art. (66). It is 
there, however, connected with "an ellipse instead of an ec- 

■ Od the supposition of ui epicycle, this motion of the apae could ss 
easily be represented by supposing the radius which comiects the moon 
with the centre of the epicycle to have this utuform angular velocity of 
about 3° in each revolution, and also in the suae direction. 
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centric; and though the discovery that the ellipse \b the 
true form of the fundamental orbit was not the next in the 
order of time after those of Hipparchus, yet, as all the irre- 
gularities which were discovered in the intervening seventeen 
centuries are common both to Ripparchus'a eccentric and to 
Kepler'a ellipse, it will be as well for us to consider at O] 
this new form of the orbit. 

Elliptic Form ofUte Orbit. 

113. We need not dwell on the steps which led to this 
great and important discovery. Kepler, finding that the 
predicted places of the planet Mars, as given by the circular 
theories then in use, did not always agree with the computed 
ones, sought to reconcile these variances by other combina- 
tions of circular orbits, and after a great number of attempts 
and failures, and eight years of patient investigation, be 
found it necessary to discard the eccentrics and epicycles 
altogether, and to adopt some new supposition. An ellipse 
with the sun in the focus was at last his fortunate hypothesis, 
which was found to give results in accordance with obser- 
vation; and this form of the orbit was, with equal success, 
afterwards extended to the moon as a aubstitute for the 
eccentric: but the departures from elliptic motion, due to 
the disturbing force of the sun, are, in the case of the moon, 
much greater than the disturbances of the planet Mars by 
the other planets. 

In Kepler's hj-pothesis, then, the earth is to be considered 
as occupying the focus of an ellipse, in the perimeter of which 
the moon is moving, no longer with eitl)er uniform linear or 
angular velocity, but in sacb a manner that the radius vector 
sweeps over equal areas in equal times. 

Thia agrees with our investigation of the motion of two 
bodies, Art. (10). 
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114. The hypothesis of an eccentric, ■whose apse line has 
a progressive motion, as conceived by Hipparchus, served to 
calcnlate with considerable accuracy the circumstances of 
eclipses; and observations of eclipses, requiring no instru- 
ments, were then the only ones which could be made with 
Hnfficient exactness to test the truth or fallacy of the sup- 
position. 

Ptolemy (A.d. 140} having constmcted an inatroment, by 
means of which the positions of the moon could be observed 
in other parts of her orbit, found that they sometimes agreed, 
but were more frequently at variance with the calculated 
places ; the greatest amount of error always taking pla«e at 
quadrature and vanishing altogether at eyzygy. 

What must, however, have been a source of great per- 
plexity to Ptolemy, when he attempted to investigate the 
law of this new irregularity, waa to find that it did not 
return in every quadrature, — in some quadratures it totally 
disappeared, and in others amounted to 2° 39', which was 
its maximum value. 

By dint of careful comparison of observations, he found 
that the value of this second inequality in quadrature waa 
always proportional to that of the first in the same place, 
and was additive or subtractive according as the first was 
so : and thus, when the first inequality in quadrature was at 
its maximum or 5° 1', the second increased it to 7° 40', which 
iwas the case when the apse line happened to be in syzygy 
kt the same time.* 



• It would aeem as it Hipparetus had felt the neeeasity for Bome fuilliet 

I modification of Ms fiiBt iypothesiB, thougt he was unable to determine it ; 

I tat there is an observation made by him on the moon in the position hers 

peciGed when the error of hia tables would be greatest ; and at a time also 
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Bat if the apse line was in quadrature at the same time as 
the moon, the second inequality vanished as well as the first. 

The mean value of the two inequalities combined was 
therefore fixed at 6' 20^'. 

115. To represent this new inequality, which was sub- 
sequently called the Evectiorij Ptolemy imagined an eccentric 
in the circumference of which the centre of an epicycle moved 
while the moon moved in the circumference of the epicycle. 

The centre of the eccentric and of the epicycle he supposed 
in 8yzygy at the same time, and both on the aame side of 
the earth. 



S- 



*y 



Thus, if E represent the earth, 

8 sun, 

M moon, 

c the centre of the eccentric RKT in «yzjgy^ 

-B, the centre of the epicycle, would also be in 

syzygy. 

Now conceive c, the centre of the eccentric, to describe a 

small circle about J? in a retrograde direction cc\ while jB, 

the centre of the epicycle, moves in the opposite direction, 



'when she was in the nonagesimali so that any error of longitude, arising 
from her yet uncertain parallax, would be avoided. Ptolemy, who records 
the observation, employs it to calculate the erection, and obtains a result 
agreeing with that of his own observations. (See Delambre, Aat, Aneienne,) 
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Kin Buch a maimer that each of the angles S'Ec\ 8'EK maj 
be equal to the sjaodical motion of the moon, that Ib, her 
mean angular motion from the sun ; SE8' being the motion 
of the auD in the same time. 

Now we have aeen. Art. (IIO), that the first inequality 
was accounted for hy supposing the epicycle RM to move 
into the position rm, r and R being at the same distance 
from J5, and rm. parallel to RM^ the first inequality being 
the angle rEm. But when the centre of the epicycle is at 
B!, and R'M' is parallel to rm^ the inequality becomes EEM\ 
and we have a second correction or inequality mEM'. 

I 116. That this hypothesis will account for the phenomena 

rotiBerved by Ptolemy, Art. (lU), will be readily understood. 

At syzygies, whether conjunction or opposition, the centres 

of the eccentric and epicycle are in one line with the earth 

and on the same side of it ; the points r and R' comcide, as 

also m and M'. Hence mEM' — 0. 

At quadratures (figs. 1 and 2) c' and ^ are in a straight 
line on opposite adea of the earth, and therefore R' and t at 





their furthest distance. If, however, M' and m be at the 
same- time in this line, or, in other words, if the apae line 



c leave out of couaidenitioa the u 
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be in quadratures (fig. 1), the angle mEM' will still be zero/ 
or there will be no error in the longitude. But, if the apse 
line is in syzygy (fig. 2), the angle mEM' attains its greatest 
value.* 

Ptolemy, as we have said, found this greatest value to be 
2° 39', the angle mEr being then 5' 1'. 

117. Copernicus (a.d. 1543), having seen that Ptolemy's 
hypothesis gave distances totally at variance with the obser- 
vations on the changes of apparent diameter,t made another 
and a simpler one which accounted equally well for the in- 
equality in longitude, and was at the same time more correct 
in its representation of the distances. 

Let E be the earth, OB an epicycle whose centre C de- 
scribes the circle G'CC" about E with the moon's mean 
angular velocity. 



Let (70, a radius of this epicycle, be parallel to the apse 

* If Ptolemy had used the hypothesis of an eccentric instead of an 
epicycle for the first inequality of the moon, an epicycle would have 
represented the second inequality more simply than his method did. 
Dr. Whewell's History of the Inductive Sciences , yol. i. p. 230. 

t See Delambre, Aat, Modeme, yol. i. p. 116. WheweU's History of 
Inductive Sciences^ yol. i. p. 395. 
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^^B line EA, and about as centre let a second small epicycle 
^^Bbe described, the radii CO and OJf bein^ so taken that 

I J 



CO-OM 
OB 



sin 5° 1', and 



CO + OM 
CE 



= 8in7' 40'. 



I 



The radiua OM must now be made to revolve from the 
radius OC twice as rapidly as EO moves from ES^ so that 
the angle COM may be always double of the angle CE8. 

From thia construction, it follows that in syzygies the 
angle CES being 0° or 180°, the angle COM is 0° or 360° ; 
and therefore G and M are at their nearest distances, as in 
the positions C and C" in the figure. Then CM=CO-OM, 
and the angle CEM will range between 0° and 5" I', the 
greatest value being attained when the apse line is in quad- 
ratore. 

When the moon is in quadrature GE8=^if or 270°, 
uid therefore, 00^=180° or 540° and C and ilf are at 1 
their greatest distance apart, as in the position C" ; then, 
CM= CO + Oif, and the angle CEM will range between 
0° and T 40', the former value when the apse line is itself 
in quadrature, and the latter when it ia in syzygy. 



118. Thus the results attained by Ptolemy's construction 
:«, as far as the longitudes at syzygies and quadratures are 
' concerned, as well represented by that of Copernicus ; and 
the variations in the distances of the moon will be far more 
exact, the least apparent diameter being 28' 45" and the , 
greatest 37' 33"; whereas, Ptolemy's would make the greatest i 

I diameter 1°.* 
The values which modem observations give vary between 
28' 48" and 33' 32". 



■ Delambre, Att. Ifodenwi 
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119. It will not now be difficult to shew that die intro- 
duction of this small epicycle corresponds with that of the 
term ^me 8in{(2 — 2m — c) j>< — 2/8 + a} in our value of ^. 

For, referring to the preceding figure, we have 

OEM^ BmOEM^ ^sinOME 
==^Bm{COM^Am£) 

= ^Bm{2.8E0''AEM) 

= -y^ sin {2 (moon^s mean long. — sun's long.) 

— (moon's true long. — long, of apse)}, 

and OEM being a small angle whose maximum is .1** 19^', 
we may write moon's mean longitude instead of the true 
in the argument, and also EC for OE] therefore, 

OEM= -r=^ sin {2 (moon's mean lopgitude — sun's longitude) 

— (moon's mean longitude — longitude of apse)] 



= 79V 8"^P {P^- («wp< + /8)} - {p-{l - c) pt+a}] 

= 4770" sin {(2 - 2«i - c) j>« - 2/8 + a). 

The value of the coefficient is £rom modem observations 
found to be 4589-61". 

120. In Art. (70), we have considered the effect of this 
second inequality in another Mght, not dimply as a small 
quantity additional to the first or elliptic inequality, but as 
forming a part of this first; and therefore, naodifyixi|; and 
constantly altering the eccentricity and the uniform pro- 
gression of the apse line. 

Boulliaud (a.d. 1645), by whom the term Evection was 
first applied to the second inequality, seems to hint at some- 
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I thing of this kind in the rather obBCure explanations of his I 
I lunar hypotheaia, which, never having been accepted, it would 
K' be useless to give an account of.* 

In Ptolemy's theory, Art. (115), the evection was the 

result of an apparent increase of the first lunar epicycle 

caused by its approaching the earth at quadratures; but, in 

this second method, it is the result of an actual change in 

the elements of the elliptic orbit. 

. D'Arzachel, an Arabian aatronomer, who observed in 

■ Spain about the year 1080, seems to have discovered the 

unequal motion of the apsides, but his discovery must have 

been lost sight of, for Horrocks, about 1640, re-discovered it 

' in conBequence of his attentive observations of the lunar 

' diameter : he found that when the distance of the sun from 

the moon's apogee was about 45" or 225°, the apogee was 

'more advanced by 25° than when that distance was about 

'135° or 315°. The apfiidcs, therefore, of the moon's orbit 

1 'were Bometiraea progressive and sometimes regressive, and. 

i 'required an equation of 12° 30', sometimes additive to their 

L 'mean place and sometimes subtractive from it.'f 

Horrocks also made the eccentricity variable between the 
^ limlta -06686 and ■QiS&2. 

The combination of these two suppositions was a means 
[ of avoiding the introduction of Ptolemy's eccentric or the 
f second epicycle of Copernicus : their joint effect constitutes 
[ the evection. 



■ Aprls avoir Itubli les mouvemenB et lea gpoguea de la lune, Boulliaud 
revient k 1' explication de 1' Evection au de la geconde inegalit^. Si m tli§orie I 
a'ft pas rait fortune, le nom du moins est resle. ' En mSme tempB que U 
'lune itvance sui &on cune aulout de la tene, tout U lyatime de la lune ett ] 
y'diplaei; la teire emportant la lune, rejecte loin d'elle I'apogfe, et r 
I ^procbe d'autant le perigee ; mais oettc evection i des bomes dxees.' 

Delambre, Biit. tie I'Ast. Mod., tom. u. p. 1 
Small's Attrotuaiacai Ditcaearia of Kepler, p. 307 • 
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Variation. 



1 by Ptolemy, ^^^ 



121. After the discovery of the evection by Ptolemy, i 
period of fourteen centuries elapsed before any further ad- 
dition -was made to our knowledge of the moon's motiona. 
Hipparchus's hypothesis was found sufficient for eclipses, and 
when corrected by Ptolemy's discovery, the agreement be- 
tween the calculated and observed places was found to 
extend also to quadratures; any slight discrepancy being 
attributed to errors of observation or to the imperfection 
of instruments. 

But when Tycho BrahS (a,d. 1580) with superior inatru- 
meuta extended the range of his observations to all inter- 
mediate points, he found that another inequality manifested 
itself. Having computed the places of the moon for diffe- 
rent parts of her orbit and compared them with observation, 
he perceived that she was always in advance of her com- 
puted place from syzygy to quadrature, and behind it &om 
quadrature to ayzygy ; the maximum of this variation taking 
place in the octants, that is, in the points equally distant 
from syzygj and quadrature. The moon's velocity therefore, 
so far as this inequality was concerned, was greatest at new 
and full moon, and least at the first and third quarter.* 

* 'It appeaiH that Mobiuiimed-AbouI-Wefa-al-Bouzdjani, aa Arabian 
' astronamDT of the teatli ccntuiy, who resided at Curo, and observed at 
' Bagdad in 975, discovered a third iaequaUty of the moon, in addition to 
' the two expounded hy Ptolemy, the equatioa of the centre and the evec- 
'tion. Thin third inequality, the vailHtion, is usually supposed to have 

' been diecovered by Tycho Brah^, six centuries later In an almogest 

' of Aboul-Wefa, a part of which ejtiala in the Royal Lihrary at Paris, 
' atiei describing the two inequalities of the moon, be has a Section IX,, 

' " Of the third anomaly of the moon called MuAasal or ProntBiitit" 

' But this diacoTery of Abonl-Wefa appears to have excited no notice 
' among hia contemporaries and followers ; at least it had been long quite 
'forgotten, when Tycho Brah4, re-discovered the same lunar inequality.' 
Whcwell's Hut. of Indtietm SeUncea, vol. i. p. 243. 
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Tycho fixed the maximum of this inequality at 40' 30". 
The value which results from modem observations is 
39' 30". 

122. We have already two epicycles, or one epicycle and 
an eccentric, to explain the first two inequalities: by the 
introduction of another epicycle or eccentric, the variation 
also might have been brought into the system; but Tycho 
adopted a difierent method:* like Ptolemy, he employed 
an eccentric for the evection, but for the first or elliptic 
inequality he employed a couple of epicycles, and this 
complicated combination, which it is needless farther to 
describe, represented the change of distance better than 
Ptolemy's. 

To introduce the variation^ he imagined the centre of the 
larger epicycle to librate backwards and forwards on the ec- 
centric, to an extent of 40^' on each side of its mean position ; 
this mean place itself advancing uniformly along the eccentric 
with the moon's mean motion in anomaly ; and the libration 
was so adjusted, that the moon was in her mean place at 
syzygy and quadrature, and at her furthest distance from it 
in the octants, the period of a cojnplete libration being half 
a synodical revolution. 



Arvrmal Eqiuition, 

123. Tycho Brah^ was also the discoverer of the fourth 
inequality, called the annual equation. This was connected 



* For a fall description of Tycho's hypothesis, see Delambre, Hist, de 
VAat, Mod., torn. i. p. 162, and An Account of the Astrofiomical Discoveries 
of Kepler, by Robert Small, p. 1 35. 

I 
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with the anomalistic motion of the sun, and did not, like the 
previous inequalities, depend on the position of the moon in 
her orbit. 

Having calculated the position of the moon corresponding 
to any given time, he found that the observed place was 
behind her computed one while the sun moved from perigee 
to apogee, and before it in the other half year. 

Tjcho did not state this distinctly, but he made a correc- 
tion which, though wrong in quantity and applied in an 
indirect manner, shewed that he had seen the necessity and 
understood the law of this inequality. 

He did not try to represent it by any new eccentric or 
epicycle, but he increased by (8m. 13s.) sm{8un''8 anomaly) 
the time which had served to calculate the moon's place;* 
thus assuming that the true place, after that interval, would 
agree with the calculated one. Now, as the moon moves 
through 4' 30" in 8m. 13s., it is clear that adding (8m. 138.) 
Bm{8un*s anomaly) to the time is the same thmg as sub- 
tracting (4' 30") sin(5M7i'« anomaly) from the calculated lon- 
gitude, which was therefore the correction virtually intro- 
duced by Tycho.f Modem observations shew the coefficient 
to be 1 1' 9". 

We have seen. Art. (75), how this inequality may be 
inferred from our equations. 



* That is, the equation of time which he used for the moon differed by 
that quantity from that used for the sim. 

t Horrocks (1639) made the correction in the same manner as Tycho, 
but so increased it that the corresponding coefficient was IT b\" instead 
of 4' 30''. Flamsteed was the first to apply the correction to the longitude 
instead of the time. 




Reduction, 

124. The next inequality in longitude which we have to 
wnsider, is not an inequality in the same sense as the fore- 
going ; that ia, it does not arise from any Irregularity in the 
motion of the moon herself in her orbit, hut simply because 
that orbit is not in the same plane as that in which the 
longitudes are reckoned, so that even a regular motion in 
the one would be neceasarily irregular when referred to the 
other. Thus if NMn be the moon's orbit and TNm the 
ecliptic, and if M the moon be re- 
ferred to the ecliptic by the great 
circle Mm perpendicular to it, then 
MN and mN are 0°, 90", 180', 270°, 
and 360° simultaneously, but they 
^^ differ for all intermediate values: the difference between 
^^kthem is called the reduction. 

^^M The difference between the longitude of the node and that 

^^^^ the moon in her orbit being known, that is the side NM of 

^V the right-angled spherical triangle NMvi^ and also the angle 

^B N the inclination of the two orbits, the side Nw, may be 

^ cajculated by the rules of spherical trigonometry, and the 

difference between it and NM, applied with a proper sign 

to the longitude in the orbit, gives the longitude in the 

ecliptic. 

Tycho was the first to make a table of the reduction 
instead of calculating the spherical triangle. His formula 
was 

reduction = tan" \I sin 2L — \ tan'^/ sin 4i, 

where / is the inclination of the orbit and L the longitude of 
the moon diminished by that of the node. 

The first terra corresponds with the term — ^i"sin2(^(— 7) 
of the expression for 6, 
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Latitude of the Moon. 

125. That the moon's orbit is inclined to the ecliptic was 
known to the earliest astronomers, from the non-recurrence 
of eclipses at every new and frill moon; and it was also 
known, since the eclipses did not always take place in the 
same part of the heavens, that the line of nodes represented 
by Nn^ in the preceding figure, has a retrograde motion on 
the ecliptic, N moving towards T. 

Hipparchus fixed the inclination of the moon's orbit to 
the ecliptic at 5°, which value he obtained by observing the 
greatest distance at which she passes to the north or south 
of some star known to be in or very near tie ecliptic, as for 
instance the bright star Regulus; and by comparing the re- 
corded eclipses from the times of the Chaldean astronomers 
down to his own, he found that the line of nodes goes round * 
the ecliptic in a retrograde direction in about 18f years. 

This result is indicated in our expression for the value 
of the latitude by the term k si.n{g0 — y)j as we have shewn 
Art. (78). 

126. Tycho Brahd further discovered that the inclination 
of the lunar orbit to the ecliptic was not a constant quantity 
of 5° as Hipparchus had supposed, but that it had a mean 
value of 5° 8', and ranged through 9' 30" on each side of 
this, the least inclination 4° 58^ occurring when the node 
was in quadrature, and the greatest 5° 17^' being attained 
when the node was in syzygy.* 

* Ebn JoTinis, an Arabian astronomer (died a.d. 1008), whose works 
were translated about 30 years since by Mons. SediUot, states that the 
inclination of the moon's orbit had been often observed by Aboul-Hassan- 
Aly-ben-Amajour about the year 918, and that the results he had obtained 
were generally greater than the 5° of Hipparchus, but that they varied 
considerably. 
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He also found that the retrograde motion of the node was 
not uniform : the mean and true position of the node agreed 
very well when they were in syzygy or quadrature, but they 
were V 46' apart in the octants. 

By referring to Art. (80), we shall see that these correc- 
tions, introduced by Tycho Brahd, correspond to the second 
term of our expression for s. 

Since Hipparchus could observe the moon with accuracy 
only in the eclipses, at which time the node is in or near 
syzygy, we see why he was unable to detect the want of 
imiformity in the motion of the node. 

127. To represent these changes in the position of the 
moon's orbit, Tycho made the following hypothesis. 

Let ENF be the ecliptic, K its pole, BA C a small circle, 




Ebn Jounis adds, however, that he himself had obsenred the inclination 
several times and found it 6" d\ which leads us to infer that he always 
observed in similar circumstances, for otherwise a variation of nearly 23' 
could scarcely have escaped him. See Delambre, Hist, de VAstl du Moyen 
Age^ p. 139. 

The mean value of the inclination is 5** 8' 55*46'', — the extreme values 
are 4" 57' 22" and 5" 20' 6". 

The mean daily motion of the line of nodes is 3' 10*64", or one revolution 
in 6793-39 days, or 18 y. 218 d. 21 h. 22 m. 46 s. 
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haying also K for pole and at a distance from it equal 
to 5° 8'. Then, if we suppose A the pole of the moon's 
orbit to move uniformly in the small circle and in the 
direction BACj the node -AT, which is at 90** from both A 
and JT, wiU retrograde uniformly on the ecliptic, and the 
inclination of the two orbits will be constant and equal 
to AK. 

But instead of supposing the pole of the moon's orbit to 
be at Ay let a small circle abed be described with A as pole 
and a radius of 9' «30" ; and suppose the pole of the moon's 
orbit to describe this small circle with double the velocity 
of the node In Its synodlcal revolution which Is accomplished 
in about 346 days, in such a manner that when the node is 
in quadrature the pole may be at a, the nearest point to K^ 
and at c the most distant point when the node comes to 
^jzygjj at ^ In the first and third octants, and at i in the 
second and fourth, so as to describe the small circle in about 
173 days, the centre A of the small circle retrograding mean- 
while with Its uniform motion. 

By this method of representing the motion, we see that 

when node Is in quadrature) ^. - . fZa=5°8 - 9i =4**58i'i 

^ mon of tncK ^ ^o^f ^i, ..o.^?/ 

syzygy J ^^titis \^<^^^^+H=^^n\ 

while at the octants It has Its mean value 

Kb^Kd=KA = 5'S'. 

Again with respect to the motion of the node, since N is 
the pole of KaAc^ it follows that when In syzygy and quad- 
rature, the node occupied its mean place. In the first and 
third octants, the pole being at d^ the node was before its 
mean place by the angle ^^"^ = (9' 30") cosecS** 8'=r 46', 
nearly, and It was as much behind its true place in the 
second and fourth octants. 
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So that the whole motion of the node, and the correc- 
tion which Tycho had discovered, were properly represented 
by this hypothesis, which is exactly similar to that which 
Copernicus had imagined to explain the precession of the 
Equinox. 



THE END. 
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nation Papers. 



CAMBRIDGE CLASS BOOKS 

WOBKS by ISAAC TODHITHTEB, BLA, F.S.8. 



John's College, < 









1- Algebra. 

Jbr m Uai 0/ Colhgci an, 

Third Ediann. 542 pp. (1862). 
Stroogly bound in cloUi. 7i. 6d. 
TMBWork oodlaiiiB &U tho propoaitioii 



Id muHtrolc t-VEiT port of the snbject, and 
u the munbet of thorn ii Bbont SLirm 
kunini and ;|%, It is hoped tbcy vill 
nfBlj ampls enrcim lor Ibe student. 
Enli HBt of ETimpIn hu heen cnrcfnlly 

tierdflBBp and nrooiu^dhip ETOduidlj' ui 



2. Plane Trigonometry 

For Schooh and Collegta. 

aodEdit, 379pp. (I860). Cm. 8vo, 

StroQglj bound in cLntli. 5: 

ThB deslpi odhla work hM bom to ren- 
der Ihe BubJDol tnlilUglble to bcgiiin>T~. 

the nijportimity oT Dbtaming all the 
tnutlon wbich he wIllroqulH on this 1 
of Mathcmudoa. E«hchapUTi»to__ 
by a stt of EinmplM; tboM which 
i^Dtiil^ Ifiicellanioul Eiamplei, tog 

ue odvuDtagpouily rcHrred by the at 

gttn in the mblEot. An the Text ana Ei- 
■mpla haie ben tested bt emiBideiBblc 
exnriaieo la tecching. the hope ii enter- 
tanied that Ihey irin be BUltable f or imput- 

yi iound and umpnhaiiElTe know^ffp 
Plane Th^onometiy, tocher with 

iolmfa 



3. Spherical Tri^nometry. 

for l/n Ua of Collfgm and ScAwb. 
132 pp. Crown 6vo. Secand 
Edit, enlBTgcd. (1S83). ii. 6d. 
Tb\f worlt is oonstruoted on the vaam 



on the teit in ordFr ._ . 

which hoi'Pbero ohitSy selected from tni- 
Tsnity and CoUeve Fapers, hafe all been 
curetnllyTerifled. 

The Elements of Euclid 

Ibr tie Un of Schmti atid Coltega. 




leleoted priiuipally from Cambiidge EJt.. 
upiDittian papere wd h«ve been terted 1^ 
onA cipenenae. An fu* aa posaiblether 
— . . j_. „. .jijioiilcy. "^- 



ledge lu the lolutiDn of problems. In the Fibres * rll be found U be lusc and d 
Second Edition the hints for the aolutlou tlnet. and bare been repeited when neei 

_,.._. __ ,j^ 




(i CAMBBIDGS 

Bjl ISAAC TODEUr/TEE, iF.A. 
AN ELEMENT-lEY TREATISE OS THE 

Theory of Equations. 

Wit/I a CoUeelioH u/ Biemplif. 
Crown Bm elath. 279 pp. (1861), 
7«. 6il. 
TUs CnutiBO Donlaiiu lU (he propod- 
11dd> wbicli ore uiuilly inuluiled in. ele- 
muitary trfiUam an the Tbcorv ot Equa- 
ttonn, tQKMhM with s raUeotfon of Ei- 
nmplca ftr eiercUe. TbiB work maT ia 
ful be regsided aa B aequd to tbBt an 
AlgBbra by the aaniB writer, and Moonl- 
IjlkIj the Btudeut li3a occaeioiially bem 
referred to the treitlne on Algebra for pro- 



CLASS BOOKS 

By J. a. PRATT, il.A. 

A Treatise on 
Attractions, 

La Flaa/s FunMans, and the f^nn 

of the Earth. 

Second Edition, CtowiiSto. 12flpF. 

(1861), Cloth, flj, ad. 

In the prreont TreatUe tbe anthor hu 

Intf rfltt— La Flaoe'BOoefflcientiaiid Fnnc- 
' ^ Ltion df the Fjofun of 



li. Histoiy of tlia ProgreBB 

of the 
Calculus of Variations 

During the Nimtcenlh Ceiitmy. 

Svo. cbth. S32p^ (1881). 12s. 

It la of importaaDe (hat those irho niiti 
--- -" ?atile (- 

iuemi. The AoThor has eodei 
bHw effected In the PrDgrBia 
jianier in which it has been rt 



12. Algebra for 
Beginners. 

18mo, clotii, 281 pp. (1863). 2*. 6rf. 

tblB worVhiUUi^UilB la roung st^^ects 
h^ Ihu use of aliDple lanKUage and b; 

with the reoonunendallon of leicben, the 
eumplM ioi emoiao ue Terj numeroaa 



of La Flaoe'a anEdyau and Lffl nvnlt — '*a 
coIciUuB," Bays Airy, "Che mut ^inndar 
in lu nitnra and the most powerfnl m iU 
application that has erer appeared." 

Theory of Errors of 
Olsservations 

And the Cumiiiiation of Obsenadont. 

AHronDmer Boyal. 
103 pp. (1861). Grown Sto. 6a. U. 
In order to spare astninoniiin and ob- 

and loss of lime which are prodnced \tj 
referrinif lo the onllnajT Irealiaea ent- 
braeing bolh branchea of PTobabtlitita, til* 
aathor has tboaabt it desiisble to dnw 
uu this work, telating onl; to Erron nf 
ObserratiDD, and lo the niles derivable 
from the con^lderallon of Uiese Errors, fOr 
the Coinbinolioo of the Keinlta qf Obsei^ 
viitlutiB. The Author hu tbns also Ihs 

GcniTuI Theory or Prohnbililies. 



AN ELEMBXTAHY TREATISE OB 

The Planetary Theory. 



Bs C. n. M. CBEVflE, B.A. 
Scholar of St. John's College, Cambridga. 
USpp. 1802. Cm. 8vo. doth. e>.M. 



FOB SCHOOLS AND COLLEGES. 

BOOLE, 1 

IT. J. STEELE, B.A, 
Lsle Fellova of St. Pour's ColL CHmb. 

Bynamics of a Particle. 

If'iih numerout £zanipfes. 
304 pp. (1856). Cr, 8vO. cL I 

rdlnaiT projio^tJonB cormected with tha 
kjnamlcB ol Pnttlclf a which con be con- 



Differential Equations 

*B8pp.(185D). Cm. 8to. cloth. Ui. 
Tha Author boa oideavoiirpd in thie 
IreatiH to ctmyey u complBte htl acmqnt 
DTthepTHent athte of knowledge on tbo 
■nbjeot of DiflfenatiBl Eqnatioiia as ma 



lid. prtnuuilY, for cianeanry tiaOtiK- 
. -nie object bi» been tiat of all to 



I 



nuxit Itiei 

might te& tor 
BiBi. ThBourli 
rnnlain that ki 

ellEer to' im na 
a the diacu) 



2. The CalculiiB of 
Finite Differences. 

MS pp. {I860), Crown 8to. clotli. 



>e Differpntiiil CulculuB— b 



Elementary Statics. 

mBtthi Rev. 6E0RBE EAWLiySOX, 
■ Tmtasm 01 Applied Scioncea, Elphin- 

" MU«ihathiltn.E.STtlEOES.M.A. 

Sntor of Senoott, Oifordslilre. 

(lao pp.) 1860. Ctn. 8ro. cL 4j. erf. 

ThU work li pnbllihed under tbs au- 

UloritT of H. H. Becretarr q[ Slstc far 

^-...- .^_ '■— inuaent Soboola 



^^m and Collegea : 



St, 



ThrougliDnl 
graber of lU 

iplotely worl 



iid«it ve appouded to 



AMean College. 

Singular Properties of 
the Ellipsoid 

And Associated Surfaces a/ the Nti 



i%™ 



the BllipKild; and further, to mUbliBh 
inalagDUa prapertjee in unlimited con- 
iceni?nc series of wliich thifl runarkable 
torfue la a constltueat. 

By J. a. FBEAS, M.A. 



Third Edition. ia6 pp. (1863). 
Crown 8vo. cloth. 6>. 6d. 

" An excellent Introductory Book, The 
defluitions ore very clear ; the deacriptiooi 
and eiplonatianB arc i^ufflciently fun and 
intelligible; the InieaBgationB are simple 
and BiucDlific. Tbe examptca j^eitl^ en- 

EuucirioH. 

This Edition contolne 147 Eumple^ and 
eolutiobs la all these examplea zve git en 
at the end of the book. 



CAMBSIDGE CLASS BOOKS 

Sll B. D. BEASLST, M.A. 



1. Elementary Treatise 
on MechanicB. 

With a CoUeelion ef Exampltt. 



foTths junior cloBsen in Univerritjn am] 
the highM cLuia. in SchooU. Witb Uiii 
otlJKLt then bays been Included Id ttllUH 
pcitlnu of thHunlaa Mechanka wbjcb 
OHii b« coaveniaitly iDTCRti^tfld vithaul 
Iha Dlifermtial Culculiu, and nith oat 
oi two short eioeptioDS the nudent li nnl 
pmumed to require a knowledge of an; 
bnuichH of MatheDudcB beyond tbe ele- 
tn or Algebru, Gaaaefljry, and Tri^. 

LA ODllMtloa of fro!' — - - ' 
haa been a« 

..„ LB BenAte-Hotid 

Uitful as ifl'feipndrt fo( lie etudent. 
In Ihe Bccond Edition KTenl addillonsl 
pEv^jQAitiaas bave bepn uicoTpciraied Iti 
tbe work for the purpuse of rendsriiiff 
it moH complate, and tliB CoUecUon of 
Eiunplca and rrobLeou baa been largely 



2. A Treatise on Optics 

304 pp. (1869). Crown 8yo. 10». 6rf. 
IProWemi 



AN ELEMENTAHI TEEAT13E OS 



Plane Trigonometry. 



M 

d^H 



' use in Hchools. The cboice of motUr bu 
been ckleUjr folded by the requlrcmentd 
of the tbrH ilayB' Eiaminatlon at Cam- 

I brldHe, with the eiaeptlon of proportiaoal 



baa been aiipended to tbia 



in obanujler lo afford 

for the itndent : for Iha greater part of 

wuinatiDD Papen eet In the UnlreraLty w'^ 
tbe aevenl CoUegn duiing Ibe laat twen 

Bubjidned to tbe coplnos Table of Co 

an elamentary oourBc of reading not u 

Three Uaya la Uie Camblidge Heni 
Hnnafl EKMBlnaUnna. 



dUfld. A&uut Tour \vndnd Examplea 
TO bmn added, nuuily collected mmi 

ira» and great pj^tie baTc 

licb might disbeartcn a b 



Bg J. BROOX smm, M.A. 
ei. John's College, Cambridge. 

Arithmetic in Theo] 
and Practice. 

Ibr Advanced Fi^Hi. 
Past I. Crown 8to. olDth. 

This work fomu tlie fint part of a Tna- 
tiae on Aritbnielic» in which the Aathai 



] 



theproi 



Buthot doet not ihlnk that resourae ought 
to be bad to Algebra until the arithmetioal 
pruof baa beoomfl hopeleaaly long and per- 

At the end of erery obaptnr several en- 
■mplea have been worked out nt length, 
in whli^b tbe beat practical methodB of 
opctstlOB bace been canfally pointed ont. 



J 



FOB SCBOOZS AND COLLEGES. 



n 



I 
I 



Bs a. B. PJJCKLS, li.A. I 

Principal of WindHiMre CoUpge. 

Conic Sections and 
Algebraic Geometry. 

With HHmergua Easy Samples Pro- 

gretsKiig arranged. 

Second Edition, 264 pp. (18S6). 

Crown 8yo. It. 6d. 

This tHMk huB 1)een nrittfli with special 

nfeream to thotie iii{Ili.'u11ieH and mlsap- 

prehendozid whlob commonly beset too 

fltudent ifhen he commences, WitJi this 

the bUKljalB hafe been hitroduaed. Tha 
IfXamplea appmdcd to each s<^ion are 
mofitlf or an elementary deficrlptiDU. The 
work will, it ia hoped, be to—' • 



reuera^tf 



Bd EDWASD jobs routs, M.A. 
College, Cambrid^^e. 

Dynamics of a System 
of Rigid Bodies. 

Wiih nwmeroM Ex<mplei. 



of a lUgid Bodr in Three Ilimenmotui.- 
VI. Motion ot a riciible atiing.— VII. 
Moti on or I Syatein ot Ripd Bodies.- 
vm. or ImpuMre FDrasB.— IX. Uiacct- 
lanflooE Eiaujplcs. 

The nomeronB Etamplea which will bt 
fband at the end of each chapter havi 



The 
Cambridge Year Book 

AND UMVKRBITT ALMANACK 

For 1B64. 

Crown Bvo. 271 pp. price 2b. (W. 

The BpwiAc fata™ cf this umnal pnb- 

licati™ will be ob-rfoua at » glana, and 

tbo poblic generslly, will be nloar. 
. .m. L-T. — sj of proceeding Ir 

1« ' '■ "" 

^tyVi 

r of these eiaminatiooa. and the ipedfle 

5. A oampletfl aoconnt of all SiJiolar- 

fSB, thairvKlne, and tha mcajLS hj which 
ay of B galned- 

i. A brief annunary of all Gvacefi of the 
Date, Deneei conferred daring the year 
nl, and UnivBTBity news genarally mra 

° 8. The Hwnktloni for the Local BJ' 

' tlis Univenity, lo be hold this year, 
th tha tuunes of the biHikB on which the 



Qouville and Cnina Collene. Cambrldga. 
AH ELEMENTABT TREATISE ON 

Trilinear Co-Ordinatea 

The Method of Htciprocal PolBrt, 

and the Tkeors of Frytctiom. 
154 pp. (1161). Or. 8to. d. 6i. G* 



It on a bBBii altogether independent of Iho 
ordinvT CnrUsian B^alfiDT iostpad of re- 
irai-dlog it aa only a special form of abridged 




Qeometrical Treatise 
on Conic Sections. 

WitA a copioaa CeUtclion ofEiamplet. 

Second Editioo. Crown Svo. clotti. 

is.Gd. 

Id Uiig work the Buhjcot ot Conlo S«- 



axi easy And InterCBtdn^ i 

ffeometrioi^ Btadla. ^ .. — . 

It rendering the irork i tompletH 



Solutions to the Pro- 
blems in Drew's Co- 
nic Sections. 



A Collection of Mathe- 
matical Problems and 
Examples. 

With Animert. 
190 pp. (1858). Crown Svo. Bi. M. 
This bODk HintidnB b niunlHi ot prob- 
IsniK, chiear elemaitary, ia tbe Ustbe- 

bildge. Tbe; tuTe been eclccWd from 



College 



ryfew 






Bjr O. TAYLOR. B. 
Scholar of St. John's Gollc^e, Cambridg*. 

(Geometrical Conies. 

Including Anhenntmie Ratio OHdlYo- 
jKiitMi, With Sttsttma Exav^pUg, 
222 pp. 1863. CrowQ Svo. ti, Sd. 






lemaiUF/ 



pfDOB Of 

Seetloiu, 



FOR SCHOOLS AND COLLEGES. 
A Treatise on 
Solid Geometry. 

By FURCTVAL FROST, M.A 



11 



JOSEPH WOLSTSNBOLME, M.A., 

Cbrififa Coll. Camfciidge. 

472 pp. 8vo. cloth. I8». 1863. 



lie earlier potlirui, id 



I 



Mythology for 
Versiflcatioii. 

A Brief Skelth of tlifl Palilea of tbe 
Ancients, prepared to be rendered 
inlQ Letm Verse for Sclioolfl. 
By F. a SODGSOy, B.D., 




Sy JOHN E. B. UAYOlt, M.A. . 

Fellon End Cluulcal Lecturer of SL John'i 

CoUe|{e, CambridKe. 

1- Juvenal. 

With Englith Natei and on Index. 
464 pp. (IBfii). Grown 8to. cloth. 



10«. 6 



i School 



. or Jot 
SB with Latia UtemT 
icnt and modem, ia 



2. Cicero's 
Second Philippic. 

Wi'h JEnanah Notes. 
8 pp. (1861). Fcp. 8vo. cloth. 6». 
me Teit is thai of Halm's Sod sdltion, 
sipzig, Weidmam, IM%), villi some 



. HiiDoteshi 
or eoIargN), ■ 



icnrlailed. 



the [QOflt port printed at 
Qreek eitranu an EngUrii yetsion 
n eabstinited. A larie bodT ol 
' " undiHtica! and hiBorical, 



The Chief Rules of 
Latin Syntax. 



Rules for the Quantity 
of Syllables in Latin. 

Fop. 8vo. U, 




An Elementary Iiatin 
Grammar. 

Bn B. J. JtOBV, M.A., 
'nder-UaaicT of Dolwlcli CoUpgc Upper 
HobooU Ute Pelloir oiiil Clautnl L«~ 
tiii« of St. John's College, Camtaidgn. 

lima. 2a. 6d. 
ThB Author'n experience in ptscUrwl 

Intelligible 




CAMBRIDGE CLASS BOOKS 



A booki. The fact 



r Buthoritia, apeciallj 



C'A. The kxidenoe and 
dmplUed md mcric 
reillj required by bajH. 
mn ntulyHw ol KDteiuteA hi 



"I '"'«"■""" o[ the ue« pt the anbjuniillre 
mood, to the luepoaitlona, the oralie 

doeedbjtheKnelMh'IAni.' Appendicea 

•bbnTyiatioB^ dstcL nionay, tas. The 
Giammnr la written In English. 

ELEMENTAIIY HISTIIRT OF THE 

Book of Common 
Prayer. 

For ths ITk of SehooU and popular 
Bg fKAXOJS PEOCTER. MJl.. 






bit 

I, ban atliinptfd in thl< booh 
tnct the Hirtory or the Prayer-Book, a 
to nipply to Itie Bngllih rnder the genei 
mmlii which in ttie larger waili are i 
eompnited by elalKirale dliciuaiDna a. 
J . ■horitlM indL-penmble 



Bj) B. SHASE, 1 
Late Follow of King'i ColL Camhiidg* 

1. Demosthenes on the 

Crown. 

WitA Enjllih Neta. 
Siicotid Edition, To whicll u pre- 

PHOS. With Eagliali NotoB, 
2S7 pp. (186D). Fcap. Bva. cl. tt. 
The am edlUon oT Itie IMe Mr. Dnka-a 
edition at Deniaatbeuea de Dcirou JutIdb 
met with oonaidvrabie ucepCmoe in tuI- 
oua Scboola, and a new edlaoB behif oalled 
for, the Ornciim oT ^Xachlnei againit Ctaal- 
phon, in accordance with the wifAea of 
many tencbere, baa iioen appended with 
useful notca hy a competent oeholar. 

2. iEiSchyli Eumenides 

With Mngliih IVw TrenalatiiM, 
Copiotu IntTodaetiiM, sad Ifetit. 
8vo. 114. pp. (ISfiS). 7». 6d. 
" Mr. Diske'B ability ai a critical Scho- 
lar la known and admitted. In the edition 
of tbe Enmi^nldet before ua we mttt wltli 

Hiatnricid £ewiyiM. The tnuulatlon la 
Ruvr'uta Emd meladioHA, elegant and acho- 
lartike. The Greek T«t la wcU printed ; 
the note* are clear and useful." — GcaK- 



Bs a IfEJtlVALE, BJ. 
Author of '■ nietory of Borne, 

Sallust. 

With Engliih Soto. 
Se<iond Edition. 173 pp. (18< 

Fcap. 8to. ii. M, 

" This ^hool edition of Salli 

oiaely what the Bchnal edilina c 



■re spent In it, and no words tkot could 
tie of nae are spared. Ttie text boa been 



i!^^ 




FOE SCHOOLS AJSD COLLEGES. 



13 



By J. WBIOHT. M.A. 
, H«kd Muta of Buttoa Coldflald fldx 

!■ Help to Latin 
Qrammar. 

WiOt Emg Eiercise; and Vocabulary. \ xjiirj e,i; 



Crown { 



D. clotli. 



B^ EDWARD TTTRUfO, MA. 
Hmd Maatoc of rpplDgham Sctool. 

Elements of GraniniaT 
Taught in EngUah. 

With Qwniians. 

■36 pp. (1860). 



T ^d oStied 



, paw. Tho Klyle 1b at \ 

tnd BtrUdiiKl? aimple and lu 



2. Hellenica. 

-BSV GKEEK RBADING BOOS. 

A Edit. With Vocabulary. 

Fcap. Sto. ol. 3). Eif. 

In tli«_Uat CwEDty chapters of thia 

~"?a akptchea theri» aiLd 



, TbtuiTdid« Bl 
ifl gf the AtUei 



iplti laDKUBH, 



d tor the 1 



3. The Seven Kings of 
Borne. 

A First Latin Jie«ili»g Book. 
Third Edit. Fcap. Svo. doth. 
inldLded to eubply 
liinff'bwk. w] 






4ij-ujnE<bwk. whi 
ime, Ee m&de II 



nclplea oJ 



Dumy 18mi 

2. The Child's English 
Gr^lInma^. 

New Edition. 86 pp. (1859). Demy 



d thTwbole of'th 



1 EchmlB, 



hooltt a full of encouragement. 

3. School Songs. 

L COLLBCTIOS OF aoSCB FOR 



£ditid by Esc. E. TBRIl/G and 

B. BICCtUS. 

Music Size. 7s. 6A 

By SDWAEJ) TM&INO. if. A. 

5. A Latin Gradual. 

A Firai Latin CoBiUving Book for 

BeghiHera. 
167 pp. 186*. Ifimo. clolh. 2>. 6*. 



The I 



4. Vocabulary and Ex- ;J'p^tD*^Mid"r 
ercises on "The Seven ' ■"Th^.S^'i^l; 
Kings of Rome." |a^J^''^oabi 



of this littlfl w 
i libiupft hi tlLo way af 
to supply liyea£Tstep« 



p. Svo. cloth. 2i. 6<j, 



TbcoiMJo™ and 
n be had otmnd 



I Kith " ni , Moo 



Am JEin;! e/ £emt." Si. cloth. ' cqulTilenU fDnii the i 



nitb thoii Eugluli 




Sf EDWARD 

4. A First liatin Con- 
struing Book. 

10* pp, (1866). 



silt Dp htlo thpir perfoot abape, Tbfl 
v word! alUied, arlnncncdaitbcpaM- 
mga aa cm» Hve prinred la ItftlicB. It i- 
hoiwd by Ibli plim Ilist Elie Ifusr', nhili 
kcqnlring Qui rudimenU of luipugc ma 
■ton hu Dilnd itltb edhI poctty and 
good vooibiil&ry. 



By c. J. vAtrasAs; b.d. 

Tlrur of nanciutBr. uid Cbnplidji In 

St. Paul's Epistle to 
the Komans. 

The Gruk Text tsilh E«gl!>h Note>. 



fBBDtd blH imyrcBSLOii, derived ft'om the 
-- -liai the Epij- 

lo tbp hi^ta»i 
ii1a»«ofouTPiibUi:BotiODLB. irtheyim 
tangbt McnriWly, not controTPrdiillj 



"With auitablc PmyerB. 

By C. J. TACaBAN, D.D. 

Sth Edition. TO pp. (1SS2). Fop. 



ThiH work, oriniullj' prepand [Or I 
DK uf Harrow Bcbool. is puhliihed to I 
bullet that It may SHiit the laboun 
engaged in preparing CB 



d wiih^^ 



Hand-Book to Butler'a 
logy. By C. A, SWAINSttN, 
M.A. 55 pp. (185G). Crown Svo. 



Eistoiy of the Chriatiaii 
Cbutcli during the First 
Three Centuries, and tha 
Beformation in England. 
Sy W. SIMPSON, M.A. Fourth 
Sdidon. Fcp. Bvu. cloth. 3i. 9d, 



n 




CAMBEIDGE MANUALS 

FORr THEOLOGICAX. STUDENTS. 



Thia Series of Theological Kaj^uals has ieen published with 
the aim of supplying Booka concise, comprehensive, and accurate ; 
oonvBuient for the Student, and jet interesting to the geEcral 
reader. 



I 



1. Hiotory of the Christian' 
Church during the Middle 
Ages. Bj Akouubacom HABD- '■ 
WICK. Second Edition. 482 pp. 
(1861). WithMapa. Crown 8to. 
cloth. lOi, 6d. 

Thli Volmne n^aiau to be i^ardod u 
KQ in1«enJ BJid iudepfndent tr«tiBe ou 
the Mnllieial ChnnUi, Tbg Hiitocr com- 
msnuea with Oia tiins dt Ontgorjr the OreU, 
to the ^aat lG2t>.— the jegx wten LuUier, 
having beoD extruded rrom those Chorchefl 

gavemmeDt and opcDeda&eBh OTA in the 
history of Europe. 

2. Bietoiy of the Ohristitui 
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